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Abstract
After the separation of the center-of-mass motion, a new privileged class of
canonical Darboux bases is proposed for the non-relativistic N-body problem
by exploiting a geometrical and group theoretical approach to the definition of
body frame for deformable bodies. This basis is adapted to the rotation group
SO(3), whose canonical realization is associated with a symmetry Hamiltonian
left action. The analysis of the SO(3) coadjoint orbits contained in the N-body
phase space implies the existence of a spin frame for the N-body system. Then,
the existence of appropriate non-symmetry Hamiltonian right actions for non-
rigid systems leads to the construction of a N-dependent discrete number of
1
dynamical body frames for the N-body system, hence to the associated notions
of dynamical and measurable orientation and shape variables, angular velocity,
rotational and vibrational configurations. For N=3 the dynamical body frame
turns out to be unique and our approach reproduces the xxzz gauge of the
gauge theory associated with the orientation-shape SO(3) principal bundle
approach of Littlejohn and Reinsch. For N ≥ 4 our description is different,
since the dynamical body frames turn out to be momentum dependent. The
resulting Darboux bases for N ≥ 4 are connected to the coupling of the spins
of particle clusters rather than the coupling of the centers of mass (based
on Jacobi relative normal coordinates). One of the advantages of the spin
coupling is that, unlike the center-of-mass coupling, it admits a relativistic
generalization.
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I. INTRODUCTION.
This paper deals with the construction of a specialized system of coordinates for the non-
relativistic N-body problem which could be instrumental to nuclear, atomic and molecular
physics, as well as to celestial mechanics. In particular, we shall exploit the technique of
the canonical realizations of Lie symmetry groups [1–5] within the framework of the non-
relativistic version of the rest-frame Wigner covariant instant form of dynamics [6,7] to the
effect of obtaining coordinates adapted (locally in general) to the SO(3) group. In most of
the paper we consider only free particles, since the mutual interactions are irrelevant to the
definition of the kinematics in the non-relativistic case.
Isolated systems of N particles possess 3N degrees of freedom in configuration space
and 6N in phase space. The Abelian nature of the overall translational invariance, with
its associated three commuting Noether constants of the motion, allows for the decoupling
and, therefore, for the elimination of either three configurational variables or three pairs of
canonical variables, respectively (separation of the center-of-mass motion). In this way one
is left with either 3N-3 relative coordinates ~ρa or 6N-6 relative phase space variables ~ρa, ~pa,
a = 1, .., N − 1 and the center-of-mass angular momentum or spin is ~S = ∑N−1a=1 ~ρa × ~pa. In
the non-relativistic theory most of the calculations employ the sets of 3N − 3 Jacobi normal
relative coordinates ~sa which diagonalize the quadratic form associated with the relative
kinetic energy [the spin becomes ~S =
∑N−1
a=1 ~sa × ~πsa, with ~πsa momenta conjugated to the
~sa’s]. Each set of relative Jacobi normal coordinates ~sa, a = 1, .., N − 1, is associated with
a different clustering of the N particles, corresponding to the centers of mass of the various
subclusters. In special relativity Jacobi normal coordinates do not exist, as it will be shown
in Ref. [8], and a different strategy must be used.
On the other hand, the non-Abelian nature of the overall rotational invariance entails
the impossibility of an analogous intrinsic separation of rotational (or orientational) config-
urational variables from others which could be called shape or vibrational. As a matter of
fact, this is one of the main concerns of molecular physics and of advanced mechanics of
deformable bodies. Recently, a new approach inspired by the geometrical techniques of fiber
bundles has been proposed in these fields of research: a self-contained and comprehensive
exposition of this viewpoint and a rich bibliography can be found in Ref. [9].
In the theory of deformable bodies one looses any intrinsic notion of body frame, which is
a fundamental tool for the description of rigid bodies and their associated Euler equations.
A priori, for a given configuration of a non-relativistic continuous body, and in particular
for a N-body system, any barycentric orthogonal frame could be named body frame of the
system with its associated notion of vibrations.
This state of affairs suggested [9] to replace the kinematically accessible region of the non-
singular configurations 1 in the (3N-3)-dimensional relative configuration space by a SO(3)
1 See Refs. [9,10] for a discussion of the singular (collinear and N-body collision) configurations.
Applying the SO(3) operations to any given configuration of the 3N-3 relative variables (a point
in the relative configuration space) gives rise to 3 possibilities only: i) for generic configurations
the orbit containing all the rotated copies of the configuration is a 3-dimensional manifold [diffeo-
morphic to the group manifold of SO(3)]; ii) for collinear configurations the orbit is diffeomorphic
3
principal fiber bundle over a (3N-6)-dimensional base manifold, called shape space 2. The
SO(3) fiber on each shape configuration carries the orientational variables (e.g. the usual
Euler angles) referred to the chosen body frame. A local cross section of the principal fiber
bundle selects just one orientation of a generic N-body configuration in each fiber (SO(3)
orbit) and this is equivalent to a gauge convention, namely to a possible definition of a body
frame (reference orientation), to be adopted after a preliminary choice of the shape variables.
It turns out that this principal bundle is trivial only for N=3, so that in this case only global
cross sections exist, and in particular the identity cross section may be identified with the
space frame. In this case any global cross section is a copy of the 3-body shape space and
its coordinatization gives a description of the internal vibrational motions associated with
the chosen gauge convention for the reference orientation. For N ≥ 4, however, global cross
sections do not exist 3 and the definition of the reference orientation (body frame) can be
given only locally. This means that the shape space cannot be identified with a (3N-6)-
dimensional submanifold of the (3N-3)-dimensional relative configuration space. The gauge
convention about the reference orientation and the consequent individuation of the internal
vibrational degrees of freedom requires the choice of a connection on the SO(3) principal
bundle (i.e. a concept of horizontality) and this leads in turn to the introduction of a SO(3)
gauge potential on the base manifold. Obviously, physical quantities like the rotational or
vibrational kinetic energies and, in general, any observable feature of the system must be
gauge invariant, namely independent of the chosen convention. Note that both the space
frame and the body frame components of the angular velocity are gauge quantities in the
orientation-shape bundle approach and their definition depends upon the gauge convention.
While a natural gauge invariant concept of purely rotational N-body configurations exists
(when the N-body velocity vector field is vertical, i.e. when the shape velocities vanish), a
notion of horizontal or purely vibrational configuration requires the introduction a connection
Γ on the SO(3) principal bundle. A gauge fixing is needed in addition in order to select a
particular Γ-horizontal cross section and the correlated gauge potential on the shape space.
See Ref. [9] for a review of the gauge fixings used in molecular physics’ literature and, in
particular, for the virtues of a special connection C corresponding to the shape configurations
with vanishing center-of-mass angular momentum ~S 4.
This orientation-shape approach replaces the usual Euler kinematics of rigid bodies and
entails in general a coupling between the internal shape variables and some of the orienta-
tional degrees of freedom. In Ref. [9] it is interestingly shown that the non-triviality of the
to the 2-sphere S2; iii) for the N-body collision configuration (in which all the particles coincide at
a single point in space) the orbit is a point.
2It is the open set of all the orbits of generic non-singular configurations.
3This is due to the topological complexity of the shape space generated by the singular configu-
rations [10], which are dispersed among the generic configurations for N ≥ 4.
4The C-horizontal cross sections are orthogonal to the fibers with respect to the Riemannian
metric dictated by the kinetic energy.
4
SO(3) principal bundle, when extended to continuous deformable bodies, is at the heart of
the explanation of problems like the falling cat and the diver. A characteristic role of SO(3)
gauge potentials in this case is to generate rotations by changing the shape.
In Ref. [9] the Hamiltonian formulation of this framework is also given, but no explicit
procedure for the construction of a canonical Darboux basis for the orientational and shape
variables is worked out. See Refs. [9,10] for the existing sets of shape variables for N = 3, 4
and for the determination of their physical domain.
Independently of this SO(3) principal bundle framework and having in mind the rel-
ativistic N-body problem where only Hamiltonian methods are available, we have been
induced to search for a constructive procedure for building canonical Darboux bases in the
(6N-6)-dimensional relative phase space, suited to the non-Abelian canonical reduction of
the overall rotational symmetry. Our procedure surfaced from the following independent
pieces of information:
A) In recent years a systematic study of relativistic kinematics of the N-body problem,
in the framework of the rest-frame Wigner covariant instant form of dynamics has been
developed in Ref. [11] and then applied to the isolated system composed by N scalar charged
particles plus the electromagnetic field [12,13].
These papers contain the construction of a special class of canonical transformations,
of the Shanmugadhasan type [14,6]. These transformations are simultaneously adapted to:
i) the Dirac first class constraints appearing in the Hamiltonian formulation of relativistic
models; ii) the timelike Poincare´ orbits associated with most of their configurations. In the
Darboux bases one of the final canonical variables is the square root of the Poincare´ invariant
P 2 (Pµ is the conserved timelike four-momentum of the isolated system). Subsequently, by
using the constructive theory of the canonical realizations of Lie groups [1–5] a new family
of canonical transformations was introduced in Ref. [15]. This latter leads to the definition
of the so-called canonical spin bases, in which also the Pauli-Lubanski Poincare´ invariant
W 2 = −P 2~S2T for timelike Poincare´ orbits 5 becomes one of the final canonical variables.
The construction of the spin bases exploits the clustering of spins rather than the Jacobi
clustering of centers of mass.
In spite of its genesis in a relativistic context, the technique used in the determination of
the spin bases, related to a typical form [1] of the canonical realizations of the E(3) group,
can be easily adapted to the non-relativistic case, where W 2 is replaced by the invariant ~S2
of the extended Galilei group.
B) These results provide the starting point for the construction of a canonical Darboux
basis adapted to the non-Abelian SO(3) symmetry. The three non-Abelian Noether con-
stants of motion ~S are arranged in these canonical Darboux bases as an array containing
the canonical pair S3, β = tg−1S
2
S1
and the unpaired variable S = |~S| 6 (scheme A of the
canonical realization of SO(3) [2]). The angle canonically conjugated to S, say α, is an
orientational variable, which, being coupled to the internal shape degrees of freedom, cannot
5For the configurations of the isolated system having a rest-frame Thomas canonical spin ~ST
different from zero.
6In this context the configurations with ~S = 0 are singular and have to be treated separately.
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be a constant of motion. In conclusion, in this non-Abelian case one has only two (instead
of three as in the Abelian case) commuting constants of motion, namely S and S3 (like in
quantum mechanics).
This is also the outcome of the momentum map canonical reduction [16–18] by means of
adapted coordinates. Let us stress that α, S3, β are a local coordinatization of any coadjoint
orbit of SO(3) contained in the N-body phase space. Each coadjoint orbit is a 3-dimensional
embedded submanifold and is endowed with a Poisson structure whose neutral element is
α. This latter is also the essential coordinate for the definition of the flag of spinors (see
Refs. [19] and [2], Section V). On the other hand, the spinor flag is nothing else than a unit
vector Rˆ orthogonal to ~S [20], which is going to be a fundamental tool in what follows.
By fixing non-zero values of the variables S3, β = tg−1 S
2
S1
through second class constraints,
one can define a (6N-8)-dimensional reduced phase space. However, the canonical reduction
cannot be furthered by eliminating S, since α is not a constant of motion.
C) The group-theoretical treatment of rigid bodies [17] [Chapter IV, Section 10] is based
on the existence of the realization of the (free and transitive) left and right Hamiltonian
actions of the SO(3) rotation group on either the tangent or cotangent bundle over their
configuration space. Given a laboratory or space frame fˆr, the generators of the left Hamilto-
nian action7 are the non-Abelian constants of motion S1, S2, S3, [{Sr, Ss} = ǫrsuSu], viz. the
spin components in the space frame. In the approach of Ref. [9] the SO(3) principal bundle
is built starting from the relative configuration space and, upon the choice of a body-frame
convention, a gauge-dependent SO(3) right action is introduced.
Similarly, taking into account the relative phase space of any isolated system, one may
investigate whether one or more SO(3) right Hamiltonian actions could be implemented
besides the global canonical realization of the SO(3) left Hamiltonian action, which is a
symmetry action. In other words, one may look for solutions Sˇr, r=1,2,3, [with
∑
r(Sˇ
r)2 =∑
r(S
r)2 = S2], of the partial differential equations {Sr, Sˇs} = 0, {Sˇr, Sˇs} = −ǫrsuSˇu and
then build corresponding left invariant Hamiltonian vector fields. Alternatively, one may look
for the existence of a pair Sˇ3, γ = tg−1 Sˇ
2
Sˇ1
, of canonical variables satisfying {γ, Sˇ3} = −1,
{γ, Sr} = {Sˇ3, Sr} = 0 and also {γ, α} = {Sˇ3, α} = 0. Local theorems given in Refs. [1,2]
guarantee that this is always possible provided N ≥ 3. See Chapter IV of Ref. [17] for
what is known in general about the actions of Lie groups on symplectic manifolds. Clearly,
the functions Sˇr do not generate symmetry actions, because they are not constants of the
motion.
The inputs coming from A), B), C) together with the technique of the spin bases of Ref.
[15] suggest the following strategy for the geometrical and group-theoretical identification
of a privileged class of canonical Darboux bases for the N-body problem:
1) Every such basis must be a scheme B (i.e. a canonical completion of scheme A) [1,2]
for the canonical realization of the rotation group SO(3), viz. it must contain its invariant
S and the canonical pair S3, β = tg−1 S
2
S1
. Therefore, all the remaining variables in the
7We follow the convention of Ref. [9]; note that this action is usually denoted as a right action in
mathematical texts. The Srq ’s are the Hamiltonians, associated with the momentum map from the
symplectic manifold to so(3)∗ [the dual of the Lie algebra so(3)], which allow the implementation
of the symplectic action through Hamiltonian vector fields.
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canonical basis except α are SO(3) scalars.
2) As said above, the existence of the angle α satisfying {α, S} = 1 and {α, S3} =
{α, β} = 0 leads to the geometrical identification of a unit vector Rˆ orthogonal to ~S and,
therefore, of a orthonormal frame Sˆ, Rˆ, Sˆ × Rˆ, which will be called spin frame8.
3) The study of the equations Rˆ2 = 1 and {~S · Rˆ, Rˆi} = 0 entails the symplectic result
{Rˆi, Rˆj} = 0. As a byproduct we get a canonical realization of an E(3) group with generators
~S, Rˆ [{Rˆi, Rˆj} = 0, {Rˆi, Sj} = ǫijkRˆk] and fixed values of its invariants Rˆ2 = 1, ~S · Rˆ = 0 (
non-irreducible type 3 realization according to Ref. [15]).
4) In order to implement a SO(3) Hamiltonian right action in analogy with the rigid
body theory [17], we must construct an orthonormal triad or body frame Nˆ , χˆ, Nˆ × χˆ. The
decomposition
~S = Sˇ1χˆ + Sˇ2Nˆ × χˆ+ Sˇ3Nˆ def= Sˇreˆr, (1.1)
identifies the SO(3) scalar generators Sˇr of the right action provided they satisfy {Sˇr, Sˇs} =
−ǫrsuSˇu. This latter condition together with the obvious requirement that Nˆ , χˆ, Nˆ × χˆ be
SO(3) vectors [{Nˆ r, Ss} = ǫrsuNˆu, {χˆr, Ss} = ǫrsuχˆu, {Nˆ × χˆr, Ss} = ǫrsuNˆ × χˆu] entails
the equations 9
{Nˆ r, Nˆ s} = {Nˆ r, χˆs} = {χˆr, χˆs} = 0. (1.2)
To each solution of these equations is associated a couple of canonical realizations of the
E(3) group (type 2, non-irreducible): one with generators ~S, ~N and non-fixed invariants
Sˇ3 = ~S · Nˆ and | ~N |; another with generators ~S, ~χ and non-fixed invariants Sˇ1 = ~S · χˆ
and |~χ|. These latter contain the relevant information for constructing the angle α and
the new canonical pair Sˇ3, γ = tg−1 Sˇ
2
Sˇ1
of SO(3) scalars. Since {α, Sˇ3} = {α, γ} = 0 must
hold, it follows that the vector ~N necessarily belongs to the ~S-Rˆ plane. The three canonical
pairs S, α, S3, β, Sˇ3, γ will describe the orientational variables of our Darboux basis, while
| ~N | and |~χ| will belong to the shape variables. Alternatively, an anholonomic basis can be
constructed by replacing the above six variables by Sˇr and three uniquely determined Euler
angles α˜, β˜, γ˜.
Let us consider the case N=3 as a first example. It turns out that a solution of Eqs.(1.2)
corresponding to a body frame determined by the 3-body system configuration only, as in
the rigid body case, is completely individuated once two orthonormal vectors ~N and ~χ,
functions of the relative coordinates and independent of the momenta, are found such that
~N lies in the ~S - Rˆ plane10. We do not known whether in the case N=3 other solutions
8The notationˆmeans unit vector.
9With Sˇr = ~S ·eˆr, the conditions {Sˇr, Sˇs} = −ǫrsuSˇu imply the equations ~S ·eˆr×eˆs+SiSj{eˆir, eˆjs} =
ǫrsuS
keˆuk , hence the quoted result.
10Let us remark that any pair of orthonormal vectors ~N , ~χ function only of the relative coordinates
can be used to build a body frame. This freedom is connected to the possibility of redefining a body
frame by using a configuration-dependent arbitrary rotation, which leaves ~N in the ~S-Rˆ plane.
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of Eqs.(1.2) exist leading to momentum dependent body frames. Anyway, our constructive
method necessarily leads to momentum-dependent solutions of for Eqs.(1.2) for N ≥ 4 and
therefore to momentum-dependent or dynamical body frames.
We can conclude that in the N-body problem there are hidden structures allowing the
identification of special dynamical body frames which, being independent of gauge conditions,
are endowed with a physical meaning.
The following particular results can be proven:
i) For N = 2, a single E(3) group can be defined: it allows the construction of an
orthonormal spin frame Sˆ, Rˆ, Rˆ × Sˆ in terms of the measurable relative coordinates and
momenta of the particles.
ii) For N = 3, ~S = ~S1 + ~S2, a pair of E(3) groups emerge associated with ~S1 and ~S2,
respectively. In this case, besides the orthonormal spin frame, an orthonormal dynamical
body frame Nˆ , χˆ, Nˆ × χˆ can be defined such that Sˇ1 = ~S · χˆ, Sˇ2 = ~S · Nˆ × χˆ, Sˇ3 = ~S · Nˆ are
the canonical generators of a SO(3) Hamiltonian right action. The non-conservation of Sˇr
entails that the dynamical body frame evolves in a way dictated by the equations of motion,
just as it happens in the rigid body case.
It will be shown that for N=3 this definition of dynamical body frame can be reinterpreted
as a special global cross section (xxzz gauge, where x stays for χˆ and z for Nˆ ; this outcome
is independent from the particular choice made for ~N and ~χ) of the trivial SO(3) principal
bundle of Ref. [9], namely a privileged choice of body frame. Actually, the three canonical
pairs of orientational variables S3, β = tg−1 S
2
S1
; S, α; Sˇ3, γ = tg−1 Sˇ
2
Sˇ1
, can be replaced by
the anholonomic basis of three Euler angles α˜, β˜, γ˜ and by Sˇ1, Sˇ2, Sˇ3 as it is done in Ref.
[9]. In our construction, however, the Euler angles α˜, β˜, γ˜ are determined as the unique set
of dynamical orientation variables. Then, the remaining canonical pairs qµ, pµ, µ = 1, 2, 3,
of this spin-adapted Darboux basis describe the dynamical shape phase space.
While the above dynamical body frame can be identified with the global cross section
corresponding to the xxzz gauge, all other global cross sections cannot be interpreted as
dynamical body frames (or dynamical right actions), because the SO(3) principal bundle of
Ref. [9] is built starting from the relative configuration space and, therefore, it is a static,
velocity-independent, construction. As a matter of fact, after the choice of the shape con-
figuration variables qµ and of a space frame in which the relative variables have components
ρra, the approach of Ref. [9] begins with the definition of the body-frame components ρˇ
r
a(q
µ)
of the relative coordinates, in the form ρra = R
rs(θα)ρˇsa(q
µ) 11, and then extends it in a
velocity-independent way to the relative velocities ρ˙ra
def
= Rrs(θα)vˇsa. In our construction we
get instead ρra = R
rs(α˜, β˜, γ˜)ρˇsa(q
µ) in the xxzz gauge, so that in the present case (N=3) all
dynamical variables of our construction coincide with the static variables in the xxzz gauge.
On the other hand, in the relative phase space, the construction of the evolving dynamical
body frame is based on non-point canonical transformations
iii) For N=4, where ~S = ~S1 + ~S2 + ~S3, it is possible to construct three sets of spin
frames and dynamical body frames corresponding to the hierarchy of clusterings ((ab)c)
11R is a rotation matrix, θα are arbitrary gauge orientational parameters and ρˇra(q
µ) is assumed
to depend on the shape variables only and not on their conjugate momenta.
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[i.e. ((12)3), ((23)1), ((31)2)] of the relative spins ~Sa
12. The associated three canonical
Darboux bases share the three variables S3, β, S (viz. ~S), while both the remaining three
orientational variables and the shape variables depend on the spin clustering. This entails
the existence of three different SO(3) right actions with non-conserved canonical generators
Sˇr(A), A=1,2,3. Therefore, one can define three anholonomic bases α˜(A), β˜(A), γ˜(A), Sˇ
r
(A) and
associated shape variables qµ(A), p(A)µ, µ = 1, .., 6, connected by canonical transformations
leaving Sr fixed. These anholonomic bases and the associated evolving dynamical body
frames, however, have no relations with the N=4 static non-trivial SO(3) principal bundle
of Ref. [9], which admits only local cross sections. As a matter of fact, one gets ρra =
Rrs(α˜(A), β˜(A), γ˜(A))ρˇ(A)a(q
µ
(A), p(A)µ, Sˇ
r
(A)) instead of ρ
r
a = R
rs(α˜, β˜, γ˜)ρˇsa(q
µ).
These results imply that, for N=4, the 18-dimensional relative phase space admits three
operationally well defined dynamical body frames, and associated right actions, and its co-
ordinates are naturally splitted in three different ways into 6 dynamical rotational variables
and 12 generalized dynamical shape variables. As a consequence, we get three possible
definitions of dynamical vibrations. Each set of 12 generalized dynamical canonical shape
variables is obviously defined modulo canonical transformations so that it should even be
possible to find local canonical bases corresponding to the local cross sections of the N=4
static non-trivial SO(3) principal bundle of Ref. [9].
Our results can be extended to arbitrary N, with ~S =
∑N−1
a=1
~Sa. There are as many
independent ways (say K) of spin clustering as in quantum mechanics. For instance for
N=5, K = 15 : 12 spin clusterings correspond to the pattern (((ab)c)d) and 3 to the pattern
((ab)(cd)) [a, b, c, d = 1, .., 4]. For N=6, K = 105: 60 spin clusterings correspond to the
pattern ((((ab)c)d)e), 15 to the pattern (((ab)(cd)e) and 30 to the pattern (((ab)c)(de))
[a, b, c, d, e = 1, .., 5]. Each spin clustering is associated to: i) a related spin frame; ii) a
related dynamical body frame; iii) a related Darboux spin canonical basis with orientational
variables S3, β, S, α(A), Sˇ
3
(A), γ(A) = tg
−1 Sˇ
2
(A)
Sˇ1
(A)
, A = 1, .., K [their anholonomic counterparts
are α˜(A), β˜(A), γ˜(A), Sˇ
r
(A) with uniquely determined orientation angles] and shape variables
qµ(A), pµ(A), µ = 1, .., 3N − 6. Furthermore, for N ≥ 4 we find the following relation between
spin and angular velocity: Sˇr = Irs(qµ(A)) ωˇs(A) + fµ(qν(A))p(A)µ.
Let us conclude this Introduction with some remarks.
The ~S = 0, C-horizontal, cross section of the static SO(3) principal bundle corresponds
to N-body configurations that cannot be included in the previous Hamiltonian construction
based on the canonical realizations of SO(3): these configurations (which include the singular
ones) have to be analyzed independently since they are related to the exceptional orbit of
SO(3), whose little group is the whole group.
While physical observables have to be obviously independent of the gauge-dependent
static body frames, they do depend on the dynamical body frame, whose axes are operationally
defined in terms of the relative coordinates and momenta of the particles. In particular, a
12In a way analoguous to the angular momentum composition in quantum mechanics; note that
this spin clustering is independent of the center-of-mass clustering associated with the Jacobi
coordinates: the existence of these two unrelated clusterings might prove to be a useful and flexible
tool in molecular physics.
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dynamical definition of vibration, which replaces the ~S = 0 C-horizontal cross section of the
static approach13, is based on the requirement that the components of the angular velocity
vanish. Actually, the angular velocities with respect to the dynamical body frames become
now measurable quantities, in agreement with the phenomenology of extended deformable
bodies (e.g. the treatment of spinning stars in astrophysics).
In Section II the rest-frame description of N free particles together with the Jacobi
normal relative coordinates is introduced and some further informations are summarized
about the orientation-shape SO(3) principal bundle approach, both from the Lagrangian
and the Hamiltonian point of view.
In Section III the canonical spin bases, the spin frame and the dynamical body frames
are introduced and the cases N = 2, N = 3 and N ≥ 4 are analyzed separately.
In Section IV a short account is given of N particles interacting through a potential.
Some final remarks are given in the Conclusions.
Appendix A contains the Lagrangian and Hamiltonian equations of motion in the static
orientation-shape bundle approach.
In Appendix B the Lagrangian and Hamiltonian results of Subsection D of Section II are
reformulated in arbitrary (but not Jacobi normal) relative coordinates.
In Appendix C detailed calculations are given for the case N=3.
In Appendix D some notions on Euler angles are reviewed.
In Appendix E the gauge potential in the xxzz gauge is evaluated.
In Appendix F the construction of the canonical spin bases is given for the N = 4 case.
13Being connected to the Riemannian metric of the non-relativistic Lagrangian, this concept does
not survive the transition to special relativity anyway.
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II. THE CENTER OF MASS, THE JACOBI RELATIVE COORDINATES AND
THE ORIENTATION-SHAPE BUNDLE.
In this Section we first formulate the description of N non-relativistic free particles in the
rest frame and then we review the theory of the orientation-shape principal SO(3) bundle
of Ref. [9].
Given the coordinates ~ηi(t), i = 1, .., N , of N particles of mass mi, the standard La-
grangian is L =
∑N
i=1
mi
2
~˙η
2
i . By introducing the center-of-mass coordinates ~qnr and a set of
relative variables, the Lagrangian can be rewritten as L = M
2
~˙qnr+ (quadratic form in the
relative velocities), M =
∑N
i=1mi. The canonical momenta are ~pi = mi~˙ηi, while the total
momentum conjugated to ~qnr is ~P =
∑N
i=1 ~pi . The Hamiltonian is H =
∑N
i=1
~p2i
2mi
=
~P 2
2M
+
(quadratic form in the relative momenta).
The rest-frame description (equivalent to the decoupling of the center of mass) is obtained
by imposing the vanishing of the conserved total momentum ~P =
∑N
i=1 ~pi = 0
A. The non-relativistic rest-frame description.
The rest-frame description of the relative motions can be obtained as the non-relativistic
c→∞ limit of the relativistic rest-frame instant form of Ref. [8]. Equivalently we can start
from the Lagrangian
LD(t) =
N∑
i=1
mi
2
[~˙ηi(t) +
~λ(t)]2, SD =
∫
dtLD(t). (2.1)
in which the Lagrange multipliers ~λ(t) are considered as configurational variables.
The canonical momenta are
~κi(t) =
∂LD(t)
∂~˙ηi(t)
= mi[~˙ηi(t) +
~λ(t)],
~πλ(t) =
∂LD(t)
∂~˙λ(t)
= 0. (2.2)
Therefore, ~πλ(t) ≈ 0 is a primary constraint. The canonical and Dirac Hamiltonians are
[the variables ~µ(t) being the Dirac multipliers in front of the primary constraints ~πλ(t) ≈ 0]
Hc = ~πλ · ~˙λ+
N∑
i=1
~κi · ~˙ηi − LD =
N∑
i=1
~κ2i
2mi
− ~λ · ~κ+, ~κ+ =
N∑
i=1
~κi,
HD =
N∑
i=1
~κ2i
2mi
− ~λ · ~κ+ + ~µ · ~πλ. (2.3)
The time constancy of the primary constraints implies the following secondary constraints
~˙πλ(t)
◦
= {~πλ(t), HD} = ~κ+ ≈ 0, (2.4)
which is the non-relativistic rest frame condition.
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There are two first class constraints ~πλ ≈ 0, ~κ+ ≈ 0 : ~λ(t) and a center-of-mass variable
are gauge variables. The Hamilton and Euler-Lagrange equations are [
◦
= means evaluated
on the trajectories which minimize the action principle]
~˙ηi(t)
◦
= {~ηi(t), HD} = ~κi(t)
mi
− ~λ(t),
~˙λ(t)
◦
= ~µ(t),
~˙κi(t)
◦
=0,
~˙πλ(t)
◦
=~κ+ ≈ 0,
mi(~¨ηi +
~˙λ)(t)
◦
=0,
N∑
i=1
mi(~˙ηi +
~λ)(t)
◦
=0. (2.5)
This is the non-relativistic limit of the relativistic rest-frame instant form of dynamics:
Minkowski spacetime is replaced by Galilei spacetime and the Wigner hyperplanes are re-
placed by the inertial observers seeing the isolated system is istantaneously at rest in the
t = const. hyperplanes.
Defining the non-relativistic center of mass
~qnr =
N∑
i=1
mi
m
~ηi, (2.6)
with m =
∑N
i=1mi, the gauge fixing ~qnr ≈ 0 implies ~λ(τ) ≈ 0 and the decoupling of the
center of mass, see Eq.(2.9). Instead, the gauge fixing ~η+ =
1√
N
∑N
i=1 ~ηi ≈ 0 does not imply
~λ(τ) ≈ 0 and the decoupling, just as it happens in the relativistic case [8].
In analogy with the relativistic case of Ref. [11], let us introduce the following family of
non-relativistic point canonical transformations 14
~ηi
~κi
−→ ~η+ ~ρa
~κ+ ~πa
−→ ~qnr ~ρqa = ~ρa
~κ+ ~πqa
(2.7)
defined by 15:
~ηi = ~η+ +
1√
N
N−1∑
a=1
γai~ρa = ~qnr +
1√
N
N−1∑
a=1
Γai~ρqa,
14They can be used inside the Lagrangian LD; the first one is the non-relativistic analogue of that
used in Ref. [11].
15The total angular momentum of the N-body system is ~J =
∑N
i=1 ~ηi × ~κi = ~qnr × ~κ+ + ~Sq =
~η+ × ~κ+ + ~S; ~S is the barycentric angular momentum or spin.
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~κi =
1
N
~κ+ +
√
N
N−1∑
a=1
γai~πa =
mi
m
~κ+ +
√
N
N−1∑
a=1
γai~πqa,
~η+ =
1√
N
N∑
i=1
~ηi,
~κ+ =
N∑
i=1
~κi,
~ρa =
√
N
N∑
i=1
γai~ηi,
~πa =
1√
N
N∑
i=1
γai~κi = ~πqa +
1√
N
(
N∑
k=1
mk
m
γak)~κ+,
~qnr =
N∑
i=1
mi
m
~ηi = ~η+ +
1√
N
N−1∑
a=1
(
N∑
i=1
mi
m
γai)~ρa,
~κ+ =
N∑
i=1
~κi,
~ρqa = ~ρa,
~πqa =
1√
N
N∑
i=1
Γai~κi = ~πa − 1√
N
(
N∑
k=1
mk
m
γak)~κ+ ≈ ~πqa,
~S =
N−1∑
a=1
~ρa × ~πa =
N−1∑
a=1
~ρa × ~πqa + 1√
N
N−1∑
a=1
(
N∑
k=1
mk
m
γak)~ρa × ~κ+ ≈
≈ ~Sq =
N−1∑
a=1
~ρa × ~πqa,
Γai = γai −
N∑
k=1
mk
m
γak, γai = Γai − 1
N
N∑
k=1
Γak,
N∑
i=1
γai = 0,
N∑
i=1
mi
m
Γai = 0,
N∑
i=1
γaiγbi = δab,
N∑
i=1
γaiΓbi = δab,
N−1∑
a=1
γaiγaj = δij − 1
N
,
N−1∑
a=1
γaiΓaj = δij − mi
m
. (2.8)
Here, the γai’s [and the Γai’s] are numerical parameters depending on
1
2
(N − 1)(N − 2)
free parameters [11,21]. From now on we shall use the notation ~ρqa for ~ρa.
Then, by using the equations of motion m[~˙qnr(t) +
~λ(t)]
◦
=0, we get the Lagrangian
13
Lrel and the Hamiltonian Hrel describing the relative motions after the separation of the
center-of-mass motion
LD(t) =
N∑
i=1
mi
2
[
~˙qnr(t) +
~λ(t) +
1√
N
N−1∑
a=1
Γai~˙ρqa(t)
]
2 ◦=
◦
= Lrel(t) =
1
2
1..N−1∑
a,b
kab[mi,Γai] ~˙ρqa(t) · ~˙ρqb(t),
kab[mi,Γci] = kba[mi,Γci] =
1
N
N∑
i=1
miΓaiΓbi =
=
1
N
[ N∑
i=1
miγaiγbi −
∑N
h=1mhγah
∑N
k=1mkγbk
m
]
,
k−1ab [mi,Γci] = N
N∑
i=1
γaiγbi
mi
= N
N∑
i=1
ΓaiΓbi
mi
−
−
N∑
k=1
[
N∑
i=1
Γai
mi
N∑
k=1
Γbk +
N∑
k=1
Γak
N∑
i=1
Γbi
mi
]
+
1
N
(
N∑
i=1
1
mi
)
N∑
h=1
Γah
N∑
k=1
Γbk,
⇓
~πqa(t) =
N−1∑
b=1
kab[mi,Γci] ~˙ρqb(t),
⇒ Hrel = 1
2
1..N−1∑
ab
k−1ab [mi,Γai] ~πqa(t) · ~πqb(t). (2.9)
The same result can be obtained by adding the gauge fixings ~qnr ≈ 0 which imply ~λ(t) = 0,
and by going to Dirac brackets with respect to the second class constraints ~κ+ ≈ 0, ~qnr ≈ 0.
The (6N-6)-dimensional reduced phase space is now spanned by ~ρqa, ~πqa ≡ ~πa and from
Eq.(2.8) we have ~S ≡ ~Sq = ∑N−1a=1 ~ρa × ~πqa.
At the non-relativistic level [9,23] the next problem for each N is to diagonalize the matrix
kab[mi,Γai]. The off-diagonal terms of the matrix kab[mi,Γai] are called mass polarization
terms, while its eigenvalues are the reduced masses.
B. Jacobi normal relative coordinates.
There is a discrete set of point transformations
~ρa 7→ ~s(k)a =
N−1∑
b=1
ζ
(k)
ab ~ρqb, (2.10)
which defines the relative Jacobi normal coordinates 16 and diagonalizes the kinetic energy
term of the Lagrangian
16k = 1, .., kN =
1
2 (N − 1)(N − 2); for two values k1 and k2 one has ~s
(k1)
a =
∑N−1
b=1 D
(k1k2)
ab ~s
(k2)
b ,
14
kab = kab[mi,Γai] = ζ
(k)T
ac
(
µ(k)c δcd
)
ζ
(k)
db ,
µ(k)c δcd = ζ
(k)−1T
ca kabζ
(k)−1
bd ,
⇓
Lrel,nr(t) =
1
2
N−1∑
a=1
µ(k)a ~˙s
(k) 2
a (t) =
1
2
N−1∑
a=1
~˙˜s
(k) 2
a (t),
~˜s
(k)
a =
√
µ
(k)
a ~s(k)a , (2.11)
where µ(k)c are the reduced masses of the clusters and the ~˜s
(k)
a are called mass-weighted
Jacobi coordinates. This form of the Lagrangian defines an Euclidean metric on the relative
configuration space.
The general Jacobi coordinates or vectors ~s(k)a organize the particles into a “hierarchy of
clusters”, in which each cluster, of mass µ(k)a , consists of one or more particles and where
each Jacobi vector ~s(k)a joins the centers of mass of two clusters, thereby creating a larger
cluster; the discrete set (k = 1, .., kN) of choices of Jacobi vectors corresponds to the possible
different clusterings of N particles. Usually, by “standard Jacobi coordinates” ~sa one means
the special set 17
~s1 =
√
m1m2
mM2
[
~η1 − ~η2
]
=
√
µ(12)
m
[
~η1 − ~η2
]
=
=
√
µ(12)
Nm
N−1∑
a=1
(Γa1 − Γa2)~ρqa,
~s2 =
√
m3
mM2M3
[
m1~η1 +m2~η2 −M2~η3
]
=,
=
√
µ((12)3)
m
[m1~η1 +m2~η2
M2
− ~η3
]
=
=
√
µ((12)3)
Nm
N−1∑
a=1
[m1Γa1 +m2Γa2
M2
− Γa3
]
~ρqa,
......,
~sN−1 =
√
mN
mMN−1MN
[ N−1∑
i=1
mi~ηi −MN−1~ηN
]
=
=
√
µ(...(12)3)...)N−1)
m
[∑N−1
i=1 mi~ηi
MN−1
− ~ηN
]
=
D(k1k2)T = D(k1k2)−1, with the set of matrices D(k1k2) (democracy transformations or kinematical
rotations) forming the democracy group, which is a subgroup of O(N-1) [9,22]
17Mi = mi+Mi−1, MN = m =
∑N
i=1mi; for the reduced masses we have µ(12) =
m1m2
M2
, µ((12)3) =
M2m3
M3
,...
15
=√
µ(...(12)3)...)N−1)
Nm
N−1∑
a=1
[∑N−1
i=1 miΓai
MN−1
− ΓaN
]
~ρqa, (2.12)
in which ~s1 joins particles 1 and 2 and is directed towards 1, while ~sa is directed from the
(a+1)th particle to the center of mass of the first a particles 18.
Let us remark that our family [there are 1
2
(N−1)(N−2) free parameters inside the γai’s]
of point canonical transformations of Eqs. (2.7) contains as a special case the transition to
the normal Jacobi coordinates of Eqs.(2.13).
An induced set of canonical transformations from the canonical basis ~ρqa, ~πqa to the
Jacobi bases is the following
~s(k)a =
N−1∑
b=1
ζ
(k)
ab ~ρqb =
√
N
N∑
i=1
N−1∑
b=1
ζ
(k)
ab γbi~ηi,
~π(k)sa =
N−1∑
b=1
~πqbζ
(k)−1
ba =
1√
N
N∑
i=1
N−1∑
b=1
Γbiζ
(k)−1
ba ~κi,
δrsδab = {ρrqa, πsqb} = {s(k) ra , π(k) ssb },
~Sq =
N−1∑
a=1
~ρqa × ~πqa =
N−1∑
a=1
~s(k)a × ~π(k)sa ,
⇒ Hrel =
N−1∑
a=1
~π(k) 2sa (τ)
2µ
(k)
a
,
~ηi = ~qnr +
1√
N
1..N−1∑
ab
Γaiζ
(k)−1
ab ~s
(k)
b ,
~κi =
mi
M
~κ+ +
√
N
1..N−1∑
ab
γaiζ
(k)
ab ~π
(k)
sb . (2.13)
C. More about the static orientation-shape SO(3) principal bundle approach.
As said in the Introduction, the attempt of decoupling absolute global rotations from
vibrational degrees of freedom led to the development of the static theory of the orientation-
shape SO(3) principal bundle [9], which generalizes the traditional concept of body frame
of rigid bodies. This bundle is a non-trivial (for N ≥ 4) principal SO(3)-bundle with the
(3N-6)-dimensional shape manifold (with coordinates qµ) as base and standard fiber SO(3)
(parametrized e.g. by the Euler angles θα). For each given shape we need: i) the assignement
18See Ref. [22] for more details on the general Jacobi coordinates and on special classes of them
(like the Radau ones) treating the particles either in a more symmetric way or according to a more
complex patterns of clustering; they are connected to the standard ones by kinematic rotations
belonging to the democracy group.
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of an arbitrary it reference frame; ii) the assignement of a body frame, identified by the value
of the orientational variables θα with respect to the reference frame. Recall that the θα’s
are gauge variables in this approach. .
A convention about which is the body frame for generic configurations of the N-body
system, namely a local cross section of the non-trivial orientation-shape bundle, is equivalent
to two independent statements: i) a choice of a set of SO(3)-scalar shape variables qµ,
µ = 1, .., 3N−6; ii) a choice of the explicit form of the components ρˇra(qµ) [sˇ(k)ra (q(k)µ)] of the
relative coordinate vectors with respect to the chosen body frame axes 19. These components
are connected to the coordinates ρra in the space frame by
ρrqa = R
rs(θα)ρˇsqa(q
µ) [s(k)ra = R
rs(θα)sˇ(k)sa (q
(k)µ)]. (2.14)
The same relation holds for the components of every vector, like Srq = R
rs(θα)Sˇsq . If fˆr are
the space frame axes and eˆr the axes of the chosen body frame, we have ~ρqa = ρ
r
qafˆr = ρˇ
r
qaeˆr
and ~Sq = S
r
q fˆr = Sˇ
r
q eˆr for each possible shape of the N-body system. In particular the SO(3)-
scalars have the same functional form in both space and body frames: ArBr = AˇrBˇr. See
Refs. [18,24–27] for the mathematical and physical aspects of the orientation-shape principal
bundle approach.
The main result from the theory of the orientation-shape bundle is that the transitions
among different body frame conventions are interpreted as gauge transformations among the
local cross sections of the principal bundle. Therefore, a gauge transformation is a shape-
dependent proper rotation S(q) ∈ SO(3) that maps the body frame with axes eˆr into the
body frame with axes eˆ
′
r
20. Instead of this passive change of coordinates on the fibers,
one can consider an active (gauge dependent) right action of SO(3): (R, qµ) 7→ (RQ, qµ),
Q ∈ SO(3). The corresponding symplectic right action in phase space, associated with the
left-invariant vector fields on SO(3), is generated by the non-conserved body frame spin
components Sˇrq . On the other hand, the left action of SO(3) ρ
r
qa 7→ Qrsρsqa, (R, qµ) 7→
(QR, qµ), Q ∈ SO(3) 21 is generated by the space frame spin components Srq (Noether
constants of motion), associated to the right-invariant vector fields on SO(3). As already
said, it holds {Srq , Ssq} = ǫrsuSuq , {Sˇrq , Sˇsq} = −ǫrsuSˇuq , {Srq , Sˇsq} = 0.
In conclusion, within the static orientation-shape bundle approach the 6N − 6 shape
variables qµ are gauge invariant quantities, because their definition does not depend on
the body frame convention, while the body frame components of any vector are gauge
19This is the choice of a gauge for the orientation variables, independent of the shape coordinates
qµ; for each shape, one gives the positions of the N particles relative to the body frame axes eˆr.
The orientation variables, for example the Euler angles θα, identify an SO(3)-element R(θα) in the
fiber over the given shape qµ; the reference orientation for each shape is such that ρrqa = ρˇ
r
qa.
20We have eˆr = Srs(q)eˆ
′
s, R = R
′
ST (q), ~A = Arfˆr = Aˇ
reˆr = Aˇ
′reˆ
′
r, A
r = RrsAˇs = R
′ rsAˇ
′ s. The
new orientation angles θ
′ α depend on the old ones θα and on the shape variables qµ too.
21I.e. the action of the structure group on the bundle, which is independent of the choice of any
cross section and is called a ‘gauge-invariant action’.
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quantities. On the other hand, let us stress that only the vectors independent of the body
frame convention have their space frame components as observable physical quantities. The
angular velocity ~ω is a clear instantiation of a body frame dependent vector, for which both
the body frame ωˇr and the space frame ωr components are gauge quantities. Note that they
are not even gauge covariant 22, because under a change of body frame R(θα) 7→ R′(θα) =
R(θα)S(qµ), it holds ωˇr = Srs[ωˇ
′s − γsµq˙µ] with ǫrsuγuµ q˙µ = [ST S˙]rs, so that ωr 6= ω′r.
These results suggest to consider local point canonical transformations of the form [µ =
1, .., 3N − 6]
~ρqa
~πqa
−→ ~s
(k)
a
~π(k)qa
−→ θ
α qµ
pα pµ
(2.15)
They define a canonical basis, in which the local “orientation” coordinates θα, α = 1, 2, 3
are either the Euler angles or any other parametrization of the group manifold of SO(3).
D. Non-Relativistic Rotational Kinematics in Jacobi Coordinates
In this Subsection, using Jacobi coordinates, we shall elucidate the Lagrangian and
Hamiltonian treatment of the orientation-shape bundle approach. In Appendix B a reformu-
lation of these results is given in terms of arbitrary (non-Jacobi normal) relative coordinates.
Given a set of Jacobi coordinates s(k)ra , let us introduce the associated body frame coor-
dinates sˇ(k)ra and velocities vˇ
(k)r
a
s(k)ra = R
rs(θα) sˇ(k)sa (q
(k)), ~s(k)a = s
(k)r
a fˆr = sˇ
(k)r
a eˆr,
s˙(k)ra = R˙
rs(θα) sˇ(k)sa (q
(k)) +Rrs(θα)
∂sˇ(k)sa (q
(k))
∂q(k)µ
q˙(k)µ
def
= Rrs(θα) vˇ(k)ssa ,
vˇ(k)rsa
def
= RT rs(θα) s˙(k)sa = [R
T (θα)R˙(θα)]rs sˇ(k)sa +
∂sˇ(k)ra (q
(k))
∂q(k)µ
q˙(k)µ
def
=
def
= ǫrusωˇu(θα, θ˙α) sˇ(k)sa (q
(k)) +
∂sˇ(k)ra (q
(k))
∂q(k)µ
q˙(k)µ. (2.16)
The body frame components of the angular velocity ~ω are
ωˇr(θα, θ˙α) = −1
2
ǫruv[RT R˙]uv(θα, θ˙α) =
1
2
ǫruv[R˙TR]uv(θα, θ˙α). (2.17)
As said before, also the space frame angular velocity components ωr(θα, θ˙α) =
Rrs(θα) ωˇs(θα, θ˙α) are gauge dependent.
The Jacobi momenta are
22A gauge covariant quantity Aˇr transforms as Aˇr = Srs(q)Aˇ
′s.
18
π(k)rsa = µ
(k)
a s˙
(k)r
a = R
rs(θα)πˇ(k)ssa ,
πˇ(k)rsa = µ
(k)
a
[
(~ω × ~sa)r + ∂sˇ
r
a
∂q(k)µ
q˙(k)µ
]
, (2.18)
For the spin we have
Srq = R
rs(θα)Sˇrq =
N−1∑
a=1
(~s(k)a × ~π(k)sa )r,
~Sq =
N−1∑
a=1
~s(k)a × ~π(k)sa =
N−1∑
a=1
µ(k)a ~s
(k)
a × ~v(k)sa =
=
N−1∑
a=1
µ(k)a
[
~s(k) 2a ~ω − ~s(k)a · ~ω~s(k)a + ~s(k)a ×
∂~s(k)a
∂q(k)µ
q˙(k)µ
]
. (2.19)
By introducing the Euclidean tensors23
Iˇuv(aa)(q
(k)) = ~s(k)2a δ
uv − sˇ(k)ua sˇ(k)va , (2.20)
and the body frame barycentric inertia tensor 24
Iˇ(k)uv(q(k), µ(k)) =
N−1∑
a=1
µ(k)a Iˇ
uv
(aa)(q
(k)), (2.21)
we get the following expression of the body frame spin components25
Sˇuq =
N−1∑
a=1
µ(k)a
[
Iˇuv(aa)(q
(k)) ωˇv + aˇu(aa)µ(q
(k)) q˙(k)µ
]
=
=
N−1∑
a=1
µ(k)a Iˇ
uv
(aa)(q
(k))
[
ωˇv + Aˇv(aa)µ(q
(k)) q˙(k)µ
]
=
= Iˇ(k)uv(q(k), µ(k)) ωˇv + aˇ(k)uµ (q
(k), µ(k)) q˙(k)µ =
= Iˇ(k)uv(q(k), µ(k))
[
ωˇv + Aˇ(k)vµ (q
(k), µ(k)) q˙(k)µ
]
,
⇒ Suq = I(k)uv(q(k), µ(k))
[
ωv + A(k)vµ (q
(k), µ(k)) q˙(k)µ
]
, A(k)vµ = R
vu(θα)Aˇ(k)uµ ,
(2.22)
23In the relativistic case [8], where the tensor of inertia does not exist, only the tensors (2.20) can
be defined.
24This tensor is gauge covariant, while Iˇ(k)uv = Sur(q)Iˇ(k)
′rs(ST )sv(q); the space frame inertia
tensor Iuv = RurRvsIˇrs is gauge invariant.
25For q˙µ = 0 we get the rigid body result Sˇrq = Iˇ
(k)rsωˇs. Let us remark that also these relations
no longer hold in the relativistic case [8].
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where
aˇu(aa)µ(q
(k)) =
(
~s(k)a ×
∂~s(k)a
∂q(k)µ
)r def
= Iˇuv(aa)(q
(k)) Aˇv(aa)µ(q
(k)),
aˇ(k)uµ (q
(k), µ(k)) =
N−1∑
a=1
µ(k)a aˇ
u
(aa)µ(q
(k)) =
N−1∑
a=1
µ(k)a Iˇ
uv
(aa)(q
(k)) Aˇv(aa)µ(q
(k)) =
= Iˇ(k)uv(q(k), µ(k)) Aˇ(k)vµ (q
(k), µ(k)). (2.23)
The quantity ~A(k)µ (q
(k), µ(k)) is the SO(3) gauge potential of the orientation-shape bundle
formulation 26. Note that it is not gauge covariant: Aˇ(k)rµ = S
rs(q)[Aˇ(k)
′s
µ + γ
s
µ]. Its field
strength (curvature form), called the Coriolis tensor, is the gauge covariant quantity [Bˇ(k)rµν =
Srs(q)Bˇ(k)
′s
µν ]
~B(k)µν =
∂ ~A(k)ν
∂q(k)µ
− ∂
~A(k)µ
∂q(k)ν
− ~A(k)µ × ~A(k)ν . (2.24)
Let us stress that Eq.(2.22) does not provide an effective separation of rotational and
internal (vibrational) contributions to the angular momentum, since the separation is gauge
dependent within this approach .
Eq.(2.22) can be inverted to express the body frame angular velocity components in
terms of the body frame spin components and of the gauge potential
ωˇu = [Iˇ(k)−1(q(k), µ(k))]uvSˇvq − Aˇ(k)uµ (q(k), µ(k)) q˙(k)µ. (2.25)
The non-relativistic Lagrangian for relative motions can then be rewritten in the following
forms
Lrel =
1
2
1..N−1∑
ab
kab~˙ρa · ~˙ρb =
1
2
N−1∑
a=1
µ(k)a ~˙s
(k)
a =
1
2
N−1∑
a=1
µ(k)a ~ˇv
(k)2
sa =
=
1
2
(
Iˇ(k)uvωˇuωˇv + 2aˇ(k)uµ ωˇ
uq˙(k)µ + h(k)µν q˙
(k)µq˙(k)ν
)
=
=
1
2
[
Iˇ(k)uv(ωˇu + Aˇ(k)uµ q˙
(k)µ)(ωˇv + Aˇ(k)vν q˙
(k)ν) + g(k)µν q˙
(k)µq˙(k)ν
]
,
=
1
2
[
(Iˇ(k)−1)uvSˇuq Sˇ
v
q + g
(k)
µν q˙
(k)µq˙(k)ν
]
def
= Lrel[µ
(k), ~ˇω(θα, θ˙α), qµ, q˙µ], (2.26)
where
h(k)µν (q
(k), µ(k)) =
N−1∑
a=1
µ(k)a
∂~ˇsa
∂q(k)µ
· ∂~ˇsa
∂q(k)ν
q˙(k)µq˙(k)ν , (2.27)
26See Ref. [9] for the monopole-like singularities of the gauge potential at the N-body collision
configuration.
20
is a pseudo-metric on shape space 27, while
g(k)µν (q
(k), µ(k)) =
[
h(k)µν − Aˇ(k)uµ Iˇ(k)uvAˇ(k)vν
]
(q(k), µ(k)), (2.28)
is a true gauge invariant metric on shape space [9] [g(k)µν = g
(k)′
µν ]
28.
A manifestly gauge invariant separation between rotational and vibrational kinetic en-
ergies is exhibited only in the last two lines of Eq.(2.26) 29. In order to clarify this point,
a velocity multivector (θ˙α, q˙µ) was introduced in Ref. [9] together with its anholonomic ver-
sion (ωˇr, q˙µ) in which Euler angle velocities are replaced by the body frame angular velocity
components. A metric tensor for these multivectors is naturally induced by the Euclidean
metric of the kinetic energy. The intrinsic notion of vertical vector fields of the SO(3) prin-
cipal orientation-shape bundle corresponds to the purely rotational velocity multivectors
(ωˇr, 0) defined by the gauge invariant condition q˙µ = 0. On the other hand, there is no
gauge invariant definition of purely vibrational velocity multivectors30, since any such defi-
nition is connected to a horizontal cross section of the principal bundle and, therefore, to
the assignement of a connection form. Each connection gives a definition of horizontality
and the possibility, through a gauge fixing, to choose a certain horizontal cross section as a
connection-dependent definition of vibration.
In Ref. [9] it is shown that a special connection C can be defined by requiring that the C-
horizontal vector fields are orthogonal (in the sense of the multivector metric) to the vertical
ones and that the associated C-horizontal cross sections (defined only locally for N ≥ 4) are
identified by the vanishing of the body frame spin components Sˇr = 0 31. By privileging the
connection C, we get the following splitting of an arbitrary velocity multivector into vertical
and C-horizontal parts
(ωˇr, q˙µ) = (ωˇr, q˙µ)v + (ωˇ
r, q˙µ)Ch,
(ωˇr, q˙µ)v = (ωˇ
r + Aˇ(k)rµ q˙
µ, 0),
(ωˇr, q˙µ)Ch = (−Aˇ(k)rµ q˙µ, q˙µ). (2.29)
27It is neither gauge invariant nor gauge covariant: h
(k)
µν = h
(k)′
µν +γrµIˇ
(k)′rsAˇ
(k)′s
ν +γrν Iˇ
(k)′rsAˇ
(k)′s
µ +
Aˇ
(k)′r
µ Iˇ
(k)′rsAˇ
(k)′s
ν .
28It can be shown [9] that the inverse metric is gµν =
∑N−1
a=1
∂qµ
∂~ρa
· ∂qν∂~ρa .
29For q˙µ = 0 we get the rigid body result L = 12 Iˇ
(k)rsωˇrωˇr = 12I
(k)rsωrωs.
30For instance the simplest choice ωˇr = 0 is clearly not gauge invariant.
31A system velocity is C-horizontal if and only if the associated spin vanishes and horizontal
vector fields describe purely vibrational effects in a gauge invariant way; this also implies that
the C-horizontal cross sections cannot be interpreted as (6N − 6)-dimensional submanifolds of the
configuration space.
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It is just this C-splitting which identifies the metric (2.28) on shape space [9] and the
manifestly gauge invariant separation of the kinetic energy given in the last lines of Eq.(2.26).
The standard fiber of the orientation-shape bundle is SO(3). Its group manifold admits
many parametrizations. If one uses the local parametrization given by the Euler angles θα
32 the form of the right-invariant vector fields and 1-forms on SO(3) 33 is
Xˇ
(R)
(α) = Xˇ
(R)β
(α)(θ
γ)
∂
∂θβ
, [Xˇ
(R)
(α) , Xˇ
(R)
(β) ] = −ǫαβγXˇ(R)(γ) ,
Λˇ(R)(α) = Λˇ(R)
(α)
β (θ
γ)dθβ,
Xˇ(R)β(α)(θ
γ) = [Λˇ(R)−1]β(α)(θ
γ),
Λˇ(R)
(α)
β (θ
γ) = −1
2
ǫαγδRζγ(θ
ρ)
∂Rζδ(θ
ρ)
∂θβ
,
∂Rαβ(θ
ρ)
∂θγ
= ǫβδζRαδ(θ
ρ)Λˇ(R)(ζ)γ ; (2.30)
If the Euler angles are defined by the convention R(θα) = Rz(θ
1)Ry(θ
2)Rz(θ
3), one has
(
Λˇ(R)
(α)
β
)
=


−sin θ2cos θ3 sin θ3 0
sin θ2sin θ3 cos θ3 0
cos θ2 0 1

 and det Λˇ(R) = −sin θ2.
The left-invariant vector fields on SO(3) 34 are ([Xˇ
(R)
(α) , X
(L)
(β) ] = 0)
X
(L)
(α) = X
(L)β
(α)(θ
γ)
∂
∂θβ
, [X
(L)
(α) , X
(L)
(β) ] = ǫαβγX
(L)
(γ) ,
Λ(L)(α) = Λ(L)
(α)
β (θ
γ)dθβ. (2.31)
The linear relation between the body frame angular velocity and the velocities θ˙α is
ωˇr = Λˇ(R)
(α=r)
β (θ
γ) θ˙β. (2.32)
Using the anholonomic components (ωˇr, q˙µ) 35 of the velocities instead of the holonomic
32See Ref. [28] for the parametrization of the SO(3) group manifold with a 3-vector ~ǫ determining
the rotation axis and the rotation angle ψ by |~ǫ| = 2sin ψ2 . .
33Recall that they are the generators of the infinitesimal left translations on SO(3) and are thought
as body frame quantities.
34Recall that they are the generators of the infinitesimal right translations on SO(3) and inter-
preted as space frame quantities.
35Using the dreibein given by the right-invariant vector fields on SO(3) and regarding the La-
grangian as function of θα, ωˇr, qµ, q˙µ [see Eq.(2.26)].
22
basis (θ˙α, q˙µ), one gets the following canonical anholonomic momenta 36 37
Sˇrq =
∂Lrel
∂ωˇr
,
p(k)µ =
∂Lrel
∂q˙(k)µ
= g(k)µν q˙
(k)ν + ~Sq · ~A(k)µ ,
{θα, θβ} = 0, {θα, Sˇqr} = Xˇ(R)α(β=r), {Sˇrq , Sˇsq} = −ǫrsuSˇuq ,
{f, g} = Xˇ(R)α(β=r)
( ∂f
∂θα
∂g
∂Sˇqr
− ∂f
∂Sˇqr
∂g
∂θα
)
− ~Sq ·
( ∂f
∂~Sq
× ∂g
∂~Sq
)
+
+
(∂f
qµ
∂g
∂pµ
− ∂f
∂pµ
∂g
∂qµ
)
,
⇓
ωˇu = [Iˇ(k)−1(q(k), µ(k))]uvSˇvq −
(
Aˇ(k)uµ g
(k)µν [p(k)ν − ~Sq · ~A(k)ν ]
)
(q(k), µ(k)),
q˙(k)µ = g(k)µν(q(k), µ(k))[p(k)ν − ~Sq · ~A(k)ν (q(k), µ(k))],
(Sˇrq , pµ) = (Sˇ
r
q , pµ)v + (Sˇ
r
q , pµ)Ch,
(Sˇrq , pµ)v = (Sˇ
r
q , ~Sq · ~A(k)µ (q(k), µ(k))),
(Sˇrq , pµ)Ch = (0, pµ − ~Sq · ~A(k)µ (q(k), µ(k))). (2.33)
The last lines show the decomposition of the momenta into vertical and C-horizontal
parts.
Finally, the Hamiltonian becomes
Hrel =
1
2
N−1∑
a=1
~π(k)2sa
µ
(k)
a
= ~ω · ~Sq + p(k)µ q˙(k)µ − Lrel =
=
1
2
[
Sˇuq (Iˇ
(k)−1(q(k), µ(k)))uvSˇvq +
+
(
g(k)µν(p(k)µ − ~Sq · ~A(k)µ )(p(k)ν − ~Sq · ~A(k)ν )
)
(q(k), µ(k))
]
. (2.34)
For q˙µ = 0, namely pµ = ~Sq · ~A(k)µ , one gets the rigid body Hamiltonian for pure rotations
without vibrations H = 1
2
(Iˇ−1)(k)rsSˇrq Sˇ
s
q =
1
2
(I−1)(k)rsSrqS
s
q .
See Appendix A for the form of the Lagrangian and Hamiltonian equations of motion in
the orientation-shape bundle approach and Appendix B for the reformulation of the results
of this Subsection with arbitrary coordinates.
36The body frame spin components Sˇrq replace the momenta πθ α = Λˇ
(R)(β=r)
α Sˇqr conjugate to θ
α.
37Let us remark that one could also use anholonomic gauge invariant shape momenta p˜µ = pµ −
~Sq · ~A(k)µ with Poisson brackets: {θα, p˜µ} = −Xˇ(R)α(β=r)Aˇ
(k)r
µ , {~Sq, p˜µ} = ~A(k)µ × ~Sq, {qµ, p˜µ} = δµν ,
{p˜µ, p˜ν} = ~Sq · ~B(k)µν .
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III. CANONICAL SPIN BASES.
The static theory of the orientation-shape SO(3) principal bundle is based on point
canonical transformations of the type of Eq.(2.15).
Following the preliminary work of Ref. [15], we look for a set of non-point canonical
transformations from the relative canonical variables ~ρqa = ~ρa =
√
N
∑N
i=1 γai~ηi, ~πqa =
1√
N
∑N
i=1 Γai~κi of Eq.(2.8) to a canonical basis adapted to the SO(3) subgroup [1,2] of the
extended Galilei group and containing one of its invariants, namely the modulus of the spin.
Jacobi coordinates will not be used in this Section and the comparison with the orientation-
shape formalism has to be done by using Appendix B.
Again, the configurations with ~S 6= 0 and with ~S = 0 have to be treated separately. The
special connection C of the static orientation-shape SO(3) principal bundle is not included
in our description, which is valid only for the ~S 6= 0 configurations. Accordingly, after the
exceptional case N=2, we shall find that in the case N=3 the results of the static trivial
orientation-shape SO(3) principal bundle are recovered in a gauge of the xxz type. On the
other hand, our results for N ≥ 4 will differ substantially from the static non-trivial SO(3)
principal bundle approach.
A. 2-Body Systems.
The relative variables are ~ρq = ~ρ, ~πq and the Hamiltonian is Hrel =
~π2q
2µ
, where µ = m1m2
m1+m2
is the reduced mass. The spin is ~Sq = ~ρq × ~πq [Sq =
√
~S2q ].
Let us define the following decomposition 38
~ρq = ρqRˆ, ρq =
√
~ρ2q , Rˆ =
~ρq
ρq
= ρˆq, Rˆ
2 = 1,
~πq = π˜qRˆ− Sq
ρq
Rˆ× Sˆq = π˜qρˆq − Sq
ρq
ρˆq × Sˆq,
π˜q = ~πq · Rˆ = ~πq · ρˆq, Sˆq =
~Sq
Sq
, Sˆq · Rˆ = 0. (3.1)
Therefore, besides the standard space or laboratory frame with unit vectors fˆr, we can
build a spin frame, whose basis unit vectors Sˆq, Rˆ, Sˆq × Rˆ are identified by the 2-body
system itself. Since {Siq, Sjq} = ǫijkSkq , {Rˆi, Rˆj} = 0, {Rˆi, Sjq} = ǫijkRˆk, ~Sq and Rˆ are the
generators of an E(3) group containing SO(3) as a subgroup. The E(3) invariants turn out
to have the fixed values Rˆ2 = 1 and ~Sq · Rˆ = 0.
Usually one considers the following local point canonical transformation [like in
Eqs.(2.15)] to polar coordinates [2]
~ρq
~πq
−→ θ ϕ ρq
πqθ πqϕ πqρ = π˜q
(3.2)
38The notation Rˆ for the unit vector ρˆq is used for comparison with Ref. [15].
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ρ1q = ρqsin θcos ϕ,
ρ2q = ρqsin θsinϕ,
ρ3q = ρqcos θ,
π1q = sin θcos ϕπqρ −
sinϕ
ρqsin θ
πqϕ +
cos ϕcos θ
ρq
πqθ,
π2q = sin θsinϕπqρ +
cos ϕ
ρqsin θ
πqϕ +
sinϕcos θ
ρq
πqθ,
π3q = cos θπqρ −
sin θ
ρq
πqθ,
~π2q = π
2
qρ +
1
ρ2q
[
π2qθ +
π2qϕ
sin2 θ
]
= π2qρ +
~S2q
ρ2q
,
S1q = −
cos θcos ϕ
sin θ
πqϕ − sinϕπqθ,
S2q = −
cos θsinϕ
sin θ
πqϕ + cos ϕπqθ,
S3q = πqϕ,
~S2q = π
2
qθ +
π2qϕ
sin2 θ
, (3.3)
ρq =
√
~ρ2q ,
cos θ =
ρ3q
ρq
, sin θ =
√
(ρq)2 − (ρ3q)2
ρq
, tg θ =
√
(ρq)2 − (ρ3q)2
ρ3q
,
tg ϕ =
ρ2q
ρ1q
, sin ϕ =
ρ2q√
(ρq)2 − (ρ3q)2
, cos ϕ =
ρ1q√
(ρq)2 − (ρ3q)2
,
πqρ = π˜q,
πqθ = ρq[cos θ(cos ϕπ
1
q + sinϕπ
2
q )− sin θπ3q ] =
ρ3q~ρq · ~πq − ρ2qπ3q√
(ρq)2 − (ρ3q)2
,
πqϕ = ρqsin θ(cos ϕπ
2
q − sinϕπ1q ) = ρ1qπ2q − ρ2qπ1q = S3q . (3.4)
After this point canonical transformation, the Hamiltonian becomes Hrel =
1
2µ
[
π2qρ+
~S2q
ρ2q
]
,
while the static shape canonical variables are the pair ρq, πqρ.
As shown in Ref. [15], instead of this point canonical transformation, it is instrumental
to consider the following non-point canonical transformation adapted to the SO(3) group 39
valid when ~Sq 6= 0
39Note that in the new canonical basis the invariant Sq = |~Sq| becomes one of the new canonical
variables.
25
~ρq
~πq
−→ α β ρq
Sq S
3
q π˜q
, (3.5)
where
α = tg−1
1
Sq
(
~ρq · ~πq − (ρq)
2
ρ3q
π3q
)
,
β = tg−1
S2q
S1q
, sin β =
S2q√
(Sq)2 − (S3q )2
, cos β =
S1q√
(Sq)2 − (S3q )2
. (3.6)
The two pairs of canonical variables α, Sq, β, S
3
q form the irreducible kernel of the
scheme A of a (non-irreducible, type 3, see Ref. [15]) canonical realization of the group E(3)
generated by ~Sq, Rˆ, with fixed values of the invariants Rˆ
2 = 1, Rˆ · ~Sq = 0, just as the
variables S3q , β and Sq form the scheme A of the SO(3) group with invariant Sq.
Geometrically we have:
i) the angle α is the angle between the plane determined by ~Sq and fˆ3 and the plane
determined by ~Sq and Rˆ;
ii) the angle β is the angle between the plane ~Sq - fˆ3 and the plane fˆ3 - fˆ1.
We have
S1q = ρ
2
qπ
3
q − ρ3qπ2q = −sinϕπqθ − cos ϕcotg θπqϕ =
√
(Sq)2 − (S3q )2cos β,
S2q = ρ
3
qπ
1
q − ρ1qπ3q = cos ϕπqθ − sinϕcotg θπqϕ =
√
(Sq)2 − (S3q )2sin β,
S3q = ρ
1
qπ
2
q − ρ2qπ1q = πqϕ,
Sq =
√
π2qθ +
π2qϕ
sin2 θ
, (3.7)
Rˆ1 = ρˆ1q = sin θcos ϕ = sin βsin α−
S3q
Sq
cos βcos α,
Rˆ2 = ρˆ2q = sin θsinϕ = −cos βsin α−
S3q
Sq
sin βcos α,
Rˆ3 = ρˆ3q = cos θ =
1
Sq
√
(Sq)2 − (S3q )2cos α,
(Sˆq × Rˆ)1 = Sˆ2q Rˆ3 − Sˆ3q Rˆ2 = sin βcos α+
S3q
Sq
cos βsin α,
(Sˆq × Rˆ)2 = Sˆ3q Rˆ1 − Sˆ1q Rˆ3 = −cos βcos α+
S3q
Sq
sin βsin α,
(Sˆq × Rˆ)3 = −Sˆ1q Rˆ2 − Sˆ2q Rˆ1 =
1
Sq
√
(Sq)2 − (S3q )2sin α,
Sˆq × Rˆ(α) = ∂Rˆ(α)
∂α
= Rˆ(α +
π
2
),
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⇒ α = −tg−1 (Sˆq × Rˆ)
3
[Sˆq × (Sˆq × Rˆ)]3
. (3.8)
From the last line of this equation we see that the angle α can be expressed in terms of Sˆq
and Rˆ. Given the Hamiltonian description of any isolated system (a deformable body) in its
rest frame with conserved spin ~S(q, p) [q, p denote a canonical basis for the system], a solution
α(q, p) of the equations {α(q, p), S(q, p)} = 1, {α(q, p), β(q, p)} = {α(q, p), S3(q, p)} = 0,
allows to construct the unit vector Rˆ associated with the isolated system and then to build
the spin frame and the E(3) group.
The following inverse canonical transformation holds true
~ρq = ρqRˆ(α, β, Sq, S
3
q ),
~πq = π˜qRˆ(α, β, Sq, S
3
q ) +
Sq
ρq
Sˆq(β, Sq, S
3
q )× Rˆ(α, β, Sq, S3q ),
⇒ ~π2q = π˜2q +
S2q
ρ2q
. (3.9)
In this degenerate case, the dynamical shape variables ρq, π˜q coincide with the static ones
and describe the vibration of the dipole.
The rest-frame Hamiltonian for the relative motion becomes [Iˇ is the barycentric tensor
of inertia of the dipole]
Hrel =
1
2
[
Iˇ−1S2q +
π˜2q
µ
]
, Iˇ = µρ2, µ =
m1m2
m1 +m2
, (3.10)
while the body frame angular velocity is
ωˇ =
∂Hrel
∂Sˇq
=
Sˇq
Iˇ
. (3.11)
We conclude this Subsection with some more details on what has already been anticipated
in the Introduction concerning the canonical reduction. When ~Sq 6= 0, Eq.(3.5) explicitly
shows that a non-Abelian symmetry group like SO(3) does not allow a canonical reduction
like in the Abelian case of translations. In this latter case we can eliminate the three Abelian
constants of motion ~κ+ ≈ 0 and gauge fix the three conjugate variables ~qnr ≈ 0. In the
non-Abelian case we could surely fix S3q , β by imposing second class constraints S
3
q − a ≈ 0,
β−b ≈ 0, and eliminate this pair of canonical variables by going to Dirac brackets. However,
since α is not a constant of motion [see later on Eq.(3.10); we get instead d
dt
(Sq − S) ◦=0],
we can only add by hand the first class constraint Sq − S ≈ 0 (S 6= 0). It is only after the
solution of the equations of motion, that we could also complete the reduction by adding
α− αsolution ≈ 0 as a gauge-fixing.
In absence of interactions the solution for α can be easily worked out. The Hamil-
ton equations, equivalent to ~¨ρq
◦
=0, are ρ˙q
◦
= π˜q/µ, ˙˜πq
◦
= (Sq)
2/µρ3q, S˙q
◦
=0, α˙
◦
=Sq/µρ
2
q. The
solution ~ρq
◦
=~bt + ~a [~a, ~b constant vectors] implies: ρq
◦
= |~bt + ~a|, Rˆ ◦=(~bt + ~a)/|~bt + ~a|,
π˜q
◦
=2µ~b · (~bt+ ~a)/|~bt + ~a|, Sq ◦=µ
√
2|~a×~b|, α ◦= arccos
(
Rˆ3Sq/
√
(Sq)2 − (S3q )2
)
.
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In the 2-body case the condition ~Sq ≈ 0, imposed as three first class constraints, is
equivalent to ~ρq − k~πq ≈ 0 and selects only the solution ~ρq(t) ◦= ~AeBt [k, ~A and B are
constants].
B. 3-Body Systems.
In the case N=3 the range of the indices is i = 1, 2, 3, a = 1, 2. The spin is ~Sq =∑2
a=1 ~ρqa × ~πqa =
∑2
a=1
~Sqa after the canonical transformation which separates the internal
center of mass
~ηi
~κi
−→ ~q+ ~ρqa
~κ+ ~πqa
(3.12)
The relative motions are governed by the Hamiltonian
Hrel =
1
2
1,2∑
a,b
k−1ab [mi,Γci]~πqa · ~πqb. (3.13)
Again, we shall assume ~Sq 6= 0, because the exceptional SO(3) orbit Sq = 0 has to be
studied separately. This is done by adding Sq ≈ 0 as a first class constraint and studying
the following two disjoint strata with a different number of first class constraints separately:
a) ~Sq ≈ 0, but ~Sq1 = −~Sq2 6= 0; b) ~Sqa ≈ 0, a = 1, 2 [in this case we have ~ρqa − ka~πqa ≈ 0]40.
For each value of a = 1, 2, we consider the non-point canonical transformation (3.5)
~ρqa
~πqa
−→ αa βa ρqa
Sqa S
3
qa π˜qa
(3.14)
where
αa = tg
−1 1
Sqa
(
~ρqa · ~πqa − (ρqa)
2
ρ3qa
π3qa
)
,
βa = tg
−1S
2
qa
S1qa
, sin βa =
S2qa√
(Sqa)2 − (S3qa)2
, cos βa =
S1qa√
(Sqa)2 − (S3qa)2
. (3.15)
40Let us remark that with the canonical basis (3.14) the degenerate case defined by imposing the
constraints ~Sq ≈ 0 with ~Sq1 ≈ −~Sq2 6= 0 implies the three extra first class constraints Sq1−Sq2 ≈ 0,
S3q1 + S
3
q2 ≈ 0, β1 − β2 ≈ 0: therefore we get three arbitrary conjugate gauge variables 12(α1 − α2),
1
2(β1 + β2),
1
2(S
3
q1 + S
3
q2) 6= 0. Besides these three pairs of conjugate variables, a canonical basis
adapted to ~Sq ≈ 0 (with ~Sq1 ≈ −~Sq2 6= 0) also contains the physical variables α¯ = α1 + α2,
S¯ = 12(Sq1 + Sq2), ρqa, π˜qa, and the Hamiltonian (3.13) becomes HD =
1
2
∑1,2
a,b k
−1
ab ~πqa · ~πqb|~Sq=0 +
λ1(t)(Sq1 − Sq2) + λ2(t)(S3q1 + S3q2) + λ3(t)(β1 − β2) [the λ’s are Dirac multipliers].
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~ρqa = ρqaRˆa, ρqa =
√
~ρ2qa, Rˆa =
~ρqa
ρqa
= ρˆqa, Rˆ
2
a = 1,
~πqa = π˜qaRˆa +
Sqa
ρqa
Sˆqa × Rˆa, π˜qa = ~πqa · Rˆa. (3.16)
~ρqa = ρqaρˆqa(αa, βa, Sqa, S
3
qa) = ρqaRˆa(αa, βa, Sqa, S
3
qa),
~πqa = π˜qaρˆqa(αa, βa, Sqa, S
3
qa) +
Sqa
ρqa
Sˆqa(βa, Sqa, S
3
qa × ρˆqa(αa, βa, Sqa, S3qa)) =
= π˜qaRˆa(αa, βa, Sqa, S
3
qa) +
Sqa
ρqa
Sˆqa(βa, Sqa, S
3
qa)× Rˆa(αa, βa, Sqa, S3qa). (3.17)
We have now two unit vectors Rˆa and two E(3) realizations generated by ~Sqa, Rˆa respec-
tively and fixed invariants Rˆ2a = 1,
~Sqa · Rˆa = 0 (non-irreducible, type 2, see Ref. [15]).
Then, the simplest choice, within the existing arbitrariness (footnote 10), for the or-
thonormal vectors ~N and ~χ functions only of the relative coordinates is 41
~N =
1
2
(Rˆ1 + Rˆ2) =
1
2
(ρˆq1 + ρˆq2), Nˆ =
~N
| ~N | , |
~N | =
√
1 + ρˆq1 · ρˆq2
2
,
~χ =
1
2
(Rˆ1 − Rˆ2) = 1
2
(ρˆq1 − ρˆq2), χˆ = ~χ|~χ| , |~χ| =
√
1− ρˆq1 · ρˆq2
2
=
√
1− ~N2,
~N × ~χ = −1
2
ρˆq1 × ρˆq2, | ~N × ~χ| = | ~N ||~χ| = 1
2
√
1− (ρˆq1 · ρˆq2)2,
~N · ~χ = 0, {N r, N s} = {χr, χs} = {N r, χs} = 0,
Rˆ1 = ρˆq1 = ~N + ~χ, Rˆ2 = ρˆq2 = ~N − ~χ, Rˆ1 · ~R2 = ρˆq1 · ρˆq2 = ~N2 − ~χ2. (3.18)
Likewise, we have for the spins
~Sq = ~Sq1 + ~Sq2,
~Wq = ~Sq1 − ~Sq2,
~Sq1 =
1
2
(~Sq + ~Wq), ~Sq2 =
1
2
(~Sq − ~Wq),
{W rq ,W sq } = ǫrsuSuq . (3.19)
We therefore succeeded in constructing an orthonormal triad (the dynamical body frame)
and two E(3) realizations (non-irreducible, type 3, see Ref. [15]): one with generators ~Sq, ~N
41See Ref. [15] with the interchange ~ρqa ↔ ~πqa in the canonical transformation introduced there.
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and non-fixed invariants | ~N | and ~S · Nˆ , the other with generators ~Sq and ~χ and non-fixed
invariants |~χ| and ~Sq · χˆ. As said in the Introduction, Eq.(1.1), this is equivalent to the
determination of the non-conserved generators Sˇrq of a Hamiltonian right action of SO(3):
Sˇ1q =
~Sq · χˆ = ~Sq · eˆ1, Sˇ2q = ~Sq · Nˆ × χˆ = ~Sq · eˆ2, Sˇ3q = ~Sq · Nˆ = ~Sq · eˆ3.
The realization of the E(3) group with generators ~Sq, ~N and non-fixed invariants ~N
2,
~Sq · ~N leads to the final canonical transformation introduced in Ref. [15]
~ρqa
~πqa
−→ α1 β1 α2 β2 ρqa
Sq1 S
3
q1 Sq2 S
3
q2 π˜qa
−→ α β γ |
~N | ρqa
Sq = Sˇq S
3
q Sˇ
3
q =
~Sq · Nˆ ξ π˜qa
(3.20)
where
| ~N | =
√
1 + ρˆq1 · ρˆq2
2
,
Sˇ3q =
~Sq · Nˆ = 1√
2
2∑
a=1
~ρqa × ~πqa · ρˆq1 + ρˆq2√
1 + ρˆq1 · ρˆq2
≡ Sqcos ψ,
cos ψ = Sˆq · Nˆ =
Sˇ3q
Sq
, sin ψ =
1
Sq
√
(Sq)2 − (Sˇ3q )2,
Sq = Sˇq = |
2∑
a=1
~ρqa × ~πqa|,
S3q =
2∑
a=1
(~ρqa × ~πqa)3,
α = −tg−1 (Sˆq × Nˆ)
3
[Sˆq × (Sˆq × Nˆ)]3
=
= −tg−1 [Sˆq × (ρˆq1 + ρˆq2)]
3
[Sˆq × (Sˆq × [ρˆq1 + ρˆq2])]3
,
β = tg−1
S2q
S1q
,
γ = tg−1
~Sq · (Nˆ × χˆ)
~Sq · χˆ
= tg−1
Sˇ2q
Sˇ1q
,
⇒ sin γ = Sˇ
2
q√
(Sˇq)2 − (Sˇ3q )2
, cos γ =
Sˇ1q√
(Sˇq)2 − (Sˇ3q )2
,
= tg−1
√
2~Sq · ρˆq2 × ρˆq1√
1 + ρˆq1 · ρˆq2 ~Sq · (ρˆq1 − ρˆq2)
,
ξ =
~Wq · (Nˆ × χˆ)
|~χ| =
~Wq · (Nˆ × χˆ)√
1− ~N2
=
√
2
∑2
a=1(−)a+1~ρqa × ~πqa · (ρˆq2 × ρˆq1)
[1− ρˆq1 · ρˆq2]
√
1 + ρˆq1 · ρˆq2
. (3.21)
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For N=3 the dynamical shape variables, functions of the relative coordinates ~ρqa only,
are | ~N | and ρqa, while the conjugate shape momenta are ξ, π˜qa.
The final array (3.20) is nothing else than a scheme B [1] of a realization of the E(3)
group with generators ~Sq, ~N (non-irreducible type 3). In particular, the two canonical pairs
S3q , β, Sq, α, constitute the irreducible kernel of the E(3) scheme A, whose invariants are Sˇ
3
q ,
| ~N |; γ and ξ are the so-called supplementary variables conjugated to the invariants; finally,
the two pairs ρqa, π˜qa are so-called inessential variables. Let us remark that S
3
q , β, Sq, α, γ,
ξ, are a local coordinatization of every E(3) coadjoint orbit with Sˇ3q = const., | ~N | = const.
and fixed values of the inessential variables, present in the 3-body phase space.
We can now reconstruct ~Sq and define a new unit vector Rˆ orthogonal to ~Sq by adopting
the prescription of Eq.(3.8) as follows
Sˆ1q =
1
Sq
√
(Sq)2 − (S3q )2cos β,
Sˆ2q =
1
Sq
√
(Sq)2 − (S3q )2sin β,
Sˆ3q =
S3q
Sq
,
Rˆ1 = sin βsin α− S
3
q
Sq
cos βcos α,
Rˆ2 = −cos βsin α− S
3
q
Sq
sin βcos α,
Rˆ3 =
1
Sq
√
(Sq)2 − (S3q )2cos α,
Rˆ2 = 1, Rˆ · ~Sq = 0, {Rˆr, Rˆs} = 0,
(Sˆq × Rˆ)1 = Sˆ2q Rˆ3 − Sˆ3q Rˆ2 = sin βcos α+
S3q
Sq
cos βsin α,
(Sˆq × Rˆ)2 = Sˆ3q Rˆ1 − Sˆ1q Rˆ3 = −cos βcos α+
S3q
Sq
sin βsin α,
(Sˆq × Rˆ)3 = Sˆ1q Rˆ2 − Sˆ2q Rˆ1 =
1
Sq
√
(Sq)2 − (S3q )2sin α, (3.22)
The vectors Sˆq, Rˆ, Sˆq × Rˆ build up the spin frame for N=3. The angle α conjugate to
Sq is explicitly given by
42
α = −tg−1 (Sˆq × Nˆ)
3
[Sˆq × (Sˆq × Nˆ)]3
= −tg−1 (Sˆq × Rˆ)
3
[Sˆq × (Sˆq × Rˆ)]3
. (3.23)
42 The two expressions of α given here are consistent with the fact that Sˆq, Rˆ and Nˆ are coplanar,
so that Rˆ and Nˆ differ only by a term in Sˆq.
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As a consequence of this definition of Rˆ, we get the following expressions for the dynam-
ical body frame Nˆ , χˆ, Nˆ × χˆ in terms of the final canonical variables
Nˆ = cos ψSˆq + sinψRˆ =
Sˇ3q
Sq
Sˆq +
1
Sq
√
(Sq)2 − (Sˇ3q )2Rˆ =
= Nˆ [Sq, α;S
3
q , β; Sˇ
3
q , γ],
χˆ = sinψcos γSˆq − cos ψcos γRˆ+ sin γSˆq × Rˆ =
=
1
Sq
√
(Sq)2 − (Sˇ3q )2cos γSˆq −
Sˇ3q
Sq
cos γRˆ+ sin γSˆq × Rˆ =
=
Sˇ1q
Sq
Sˆq −
Sˇ3q
Sq
Sˇ1q Rˆ + Sˇ
2
q Sˆq × Rˆ√
(Sq)2 − (Sˇ3q )2
=
= χˆ[Sq, α;S
3
q , β; Sˇ
3
q , γ],
Nˆ × χˆ = sinψsin γSˆq − cos ψsin γRˆ− cos γSˆq × Rˆ =
=
1
Sq
√
(Sq)2 − (Sˇ3q )2sin γSˆq −
Sˇ3q
Sq
sin γRˆ − cos γSˆq × Rˆ =
=
Sˇ2q
Sq
Sˆq −
Sˇ3q
Sq
Sˇ1q Rˆ− Sˇ2q Sˆq × Rˆ√
(Sq)2 − (Sˇ3q )2
=
= (Nˆ × χˆ)[Sq, α;S3q , β; Sˇ3q , γ],
⇓
Sˆq = sinψcos γχˆ+ sinψsin γNˆ × χˆ+ cos ψNˆ
def
=
1
Sq
[
Sˇ1q χˆ+ Sˇ
2
q Nˆ × χˆ+ Sˇ3q Nˆ
]
,
Rˆ = −cos ψcos γχˆ− cos ψsin γNˆ × χˆ+ sinψNˆ,
Rˆ× Sˆq = −sin γχˆ + cos γNˆ × χˆ. (3.24)
While ψ is the angle between Sˆq and Nˆ , γ is the angle between the plane Nˆ − χˆ and the
plane Sˆq − Nˆ . As in the case N=2, α is the angle between the plane Sˆq − fˆ3 and the plane
Sˆq− Rˆ, while β is the angle between the plane Sˆq− fˆ3 and the plane fˆ3− fˆ1. See the Figure.
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FIG. 1. Space frame (fˆr), spin frame (Sˆ, Rˆ, Sˆ× Rˆ) and dynamical body frame (Nˆ , χˆ, Nˆ × χˆ) for N ≥ 3
particles. ψ - angle between Nˆ and Sˆ. α - angle between the planes Sˆ-fˆ3 and Sˆ-Rˆ. β - angle between fˆ1
and the projection of Sˆ onto the plane fˆ1-fˆ2. γ - angle between χˆ and the projection of Sˆ onto the plane
χˆ-Nˆ × χˆ.
Owing to the results of Appendix C, which allow to re-express Sqa = |~Sqa|, S3qa, βa =
tg−1
S2qa
S1qa
in terms of the final variables and owing to Eqs.(3.18), (3.23) which allow to get
αa = −tg−1 (Sˆqa×Rˆa)
3
(Sˆqa×(Sˆqa×Rˆa))3 , we can reconstruct the inverse canonical transformation.
The existence of the spin frame and of the dynamical body frame allows to define two
decompositions of the relative variables, which make explicit the inverse canonical transfor-
mation. For the relative coordinates we get from Eqs. (3.18) and (C3)
~ρqa = ρqaRˆa = ρqa[ ~N + (−)a+1~χ] = ρqa[| ~N |Nˆ + (−)a+1
√
1− ~N2χˆ] =
= [~ρqa · Sˆq]Sˆq + [~ρqa · Rˆ]Rˆ + [~ρqa · Sˆq × Rˆ]Sˆq × Rˆ =
=
ρqa
Sq
[(
| ~N | Sˇ3q + (−)a+1
√
1− ~N2 Sˇ1q
)
Sˆq +
+
(
| ~N |
√
(Sq)2 − (Sˇ3q )2 − (−)a+1
√
1− ~N2 Sˇ
1
q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
)
Rˆ−
− (−)a+1
√
1− ~N2 Sˇ
2
q√
(Sq)2 − (Sˇ3q )2
Sˆq × Rˆ
]
=
= ~ρqa[Sq, α;S
3
q , β; Sˇ
3
q , γ; ρqa, | ~N |]. (3.25)
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The analogous formulae for the relative momenta are [see Eq.(C5) for the expression of
the body frame components of ~πqa]
~πqa = π˜qaRˆa +
Sqa
ρqa
Sˆqa × Rˆa = π˜qaρˆqa + Sqa
ρqa
Sˆqa × ρˆa =
= [~πqa · Nˆ ]Nˆ + [~πqa · χˆ]χˆ+ [~πqa · Nˆ × χˆ]Nˆ × χˆ =
= [~πqa · Sˆq]Sˆq + [~πqa · Rˆ]Rˆ + [~πqa · Sˆq × Rˆ]Sˆq × Rˆ =
=
1
Sq
[(
(~πqa · Nˆ)Sˇ3q + (~πqa · χˆ)Sˇ1q + (~πqa · Nˆ × χˆ)Sˇ2q
)
Sˆq +
+
(
(~πqa · Nˆ)
√
(Sq)2 − (Sˇ3q )2 − [(~πqa · χˆ + (~πqa · Nˆ × χˆ)]
Sˇ1q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
)
Rˆ +
+ [(~πqa · χˆ)− (~πqa · Nˆ × χˆ)]
Sˇ2q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
Rˆ× Sˆq
]
=
= ~πqa[Sq, α;S
3
q , β; Sˇ
3
q , γ; | ~N |, ξ; ρqa, π˜qa]. (3.26)
Finally, the results of Appendix D allow to perform a sequence of a canonical transfor-
mation to Euler angles α˜, β˜, γ˜ with their conjugate momenta, followed by a transition to
the anholonomic basis used in the orientation-shape bundle approach [9]
α β γ
Sq = Sˇq S
3
q Sˇ
3
q
−→ α˜ β˜ γ˜
pα˜ pβ˜ pγ˜
non can.−→ α˜ β˜ γ˜
Sˇ1q Sˇ
2
q Sˇ
3
q
Sq = Sˇq =
√
(Sˇ1q )
2 + (Sˇ2q )
2 + (Sˇ3q )
2,
S3q = −sin β˜cos γ˜Sˇ1q + sin β˜sin γ˜Sˇ2q + cos β˜Sˇ3q ,
α = arctg
pβ˜tg β˜
Sˇq − pα˜pγ˜Sˇqcos β˜
,
γ =
π
2
− γ˜ − arctg
ctg β˜pγ˜ − pα˜sin β˜
pβ˜
,
β = α˜+ arctg
ctg β˜pα˜ − pγ˜sin β˜
pβ˜
− π
2
, (3.27)
Here pα˜, pβ˜, pγ˜ are the functions of α˜, β˜, γ˜, Sˇ
r
q given in Eqs.(D3). The equations (D3),
(3.27), (3.18) and Sˇ2q =
~Sq · Nˆ × χˆ lead to the determination of the dynamical orientation
variables α˜, β˜, γ˜ in terms of ~ρqa, ~πqa. Let us stress that, while in the orientation-shape
bundle approach the orientation variables θα are gauge variables, the Euler angles α˜, β˜, γ˜
are uniquely determined in terms of the original configurations and momenta.
In conclusion, the complete transition to the anholonomic basis used in the static theory
of the orientation-shape bundle is
α β γ | ~N | ρqa
Sq = Sˇq S
3
q Sˇ
3
q ξ π˜qa
non can.−→ α˜ β˜ γ˜ | ~N | ρqa
Sˇ1q Sˇ
2
q Sˇ
3
q ξ π˜qa
. (3.28)
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In order to further the comparison with the orientation-shape bundle approach, let us
note the following relation between the space and body components of the relative coordi-
nates. Eqs.(3.26), (3.28), (3.24) and (D2) imply
ρrqa = Rrs(α˜, β˜, γ˜)ρˇsqa(q), with
ρˇ1qa(q) = (−)a+1ρqa
√
1− ~N2, ρˇ2qa(q) = 0, ρˇ3qa(q) = ρqa| ~N |,
and
Srq = Rrs(α˜, β˜, γ˜)Sˇsq , (3.29)
so that the final visualization of our sequence of transformations is
~ρqa
~πqa
non can.−→ α˜ β˜ γ˜ q
µ(~ρqa)
Sˇ1q Sˇ
2
q Sˇ
3
q pµ(~ρqa, ~πqa)
. (3.30)
Note furthermore that we get ρˇ2qa = ~ρqa · Nˆ × χˆ = 0 by construction and this entails that
using our dynamical body frame is equivalent to a convention (xxzz gauge) about the body
frame of the type of xxz and similar gauges quoted in Ref. [9] 43.
Finally, we can give the expression of the Hamiltonian for relative motions44 in terms of
the anholonomic Darboux basis of Eqs.(3.27). By using Eq.(C7) we get
Hrel =
1
2 ~N2
[1
2
(
k−111
ρ2q1
+
k−122
ρ2q2
) +
k−112
ρq1ρq2
]
(Sˇ1q )
2 +
+
1
2
[1
2
(
k−111
ρ2q1
+
k−122
ρ2q2
) +
k−112(2 ~N2 − 1)
ρq1ρq2
]
(Sˇ2q )
2 +
+
1
2(1− ~N2)
[1
2
(
k−111
ρ2q1
+
k−122
ρ2q2
)− k
−1
12
ρq1ρq2
]
(Sˇ3q )
2 +
+
√
1− ~N2
[ξ
2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
) + 2k−112| ~N |
√
1− ~N2( π˜q1
ρq2
− π˜q2
ρq1
)
]
Sˇ2q −
− 1
2| ~N |
√
1− ~N2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
)Sˇ1q Sˇ
3
q +
+ k−111
[
π˜2q1 +
ξ2(1− ~N2)
4ρ2q1
]
+ k−122
[
π˜2q2 +
ξ2(1− ~N2)
4ρ2q2
]
+
43These gauges utilize the ‘static’ shape variables ρqa, φ with cos φ = 2 ~N
2 − 1, which can be
expressed in terms of the dynamical shape variables ρqa, | ~N |.
44The Hamiltonian in the basis (3.20) can be obtained with the following replacements Sˇ1q =√
(Sq)2 − (Sˇ3q )2cos γ and Sˇ2q =
√
(Sq)2 − (Sˇ3q )2sin γ.
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+ 2k−112
[
(2 ~N2 − 1)π˜q1π˜q2 − | ~N |(1− ~N2)ξ( π˜q1
ρq2
+
π˜q2
ρq1
) +
+
ξ2(1− ~N2)(2 ~N2 − 1)
4ρq1ρq2
]
def
=
def
=
1
2
[
Sˇrq (Iˇ−1)rsSˇsq + g˜µν(pµ − ~Sq · ~Aµ)(pν − ~ˇSq · ~ˇAν)
]
=
=
1
2
(Sˇrq , pµ)
(
(Iˇ−1)rs + g˜αβAˇrµAˇsν −g˜ναAˇrα
−g˜µαAˇsα g˜µν
)(
Sˇsq
pν
)
. (3.31)
where qµ = (ρq1, ρq2, | ~N |), pµ = (π˜q1, π˜q2, ξ) are the dynamical shape variables. In the last
two lines we have rewritten the Hamiltonian in the form of Eq.(B12).
In Appendix E we evaluate the quantities Aˇrµ(q), g˜µν(q), Iˇ−1rs(q) appearing in the stan-
dard static theory of the orientation-shape bundle in the xxzz gauge, adopting the convention
induced by the dynamical body frame. Recall that the special xxzz gauge potentials Aˇrµ(q)
are measurable quantities in our approach. The same holds for the angular velocity in the
evolving dynamical body frame.
In the static orientation-shape trivial SO(3) principal bundle approach the Hamiltonian
version of the conditions Sˇrq = 0 and q˙
µ = 0, definitory of C-horizontality and vertical-
ity respectively, is given by Eq.(2.32). Note that the definition (Sˇrq , pµ)v = (Sˇ
r
q , pµ|q˙=0 =
~Sq · ~Aµ(q)) of vertical rotational motion q˙µ = 0 is still valid in our dynamical body frame
approach. By using Eq.(E2) to find pµ|q˙=0, we recover the rotational kinetic energy (the
centrifugal potential) H
(rot)
rel =
1
2
Sˇrq (Iˇ−1)rsSˇsq of the xxzz gauge.
On the other hand, the C-horizontal component should be determined by the condition
Sˇrq = 0. Since our construction requires Sq 6= 0, we cannot utilize it. In our approach the
measurable vibrational kinetic energy H
(vib)
rel for
~S 6= 0 non-singular N=3 configurations is
obtained by restricting Sˇrq in Hrel to the value Sˇ
r
q |ωˇs=0 of Eq.(E5), upon the requirement
that the dynamical angular velocity vanishes in the xxzz gauge. From Eq.(E5) we get
Sˇ1q |ωˇr=0 = Sˇ3q |ωˇr=0 = 0,
Sˇ2q |ωˇr=0 = −
√
1− ~N2
[
ξ
2
(
k−111
ρ2q1
− k−122
ρ2q2
)
+ 2k−112 | ~N |
√
1− ~N2
(
π˜q1
ρq2
− π˜q2
ρq1
)]
1
2
(
k−111
ρ2q1
+
k−122
ρ2q2
)
+
k−112 (2
~N2−1)
ρq1ρq2
,
⇓
Hrel|ωˇr=0 = k−111
[
π˜2q1 +
ξ2(1− ~N2)
4ρ2q1
]
+ k−122
[
π˜2q2 +
ξ2(1− ~N2)
4ρ2q2
]
+
+2k−112
[
(2 ~N2 − 1)π˜q1π˜q2 − | ~N |(1− ~N2)ξ
( π˜q1
ρq2
+
π˜q2
ρq1
)
+
ξ2(1− ~N2)(2 ~N2 − 1)
4ρq1ρq2
]
−
−1
2
(1− ~N2)
[
ξ
2
(
k−111
ρ2q1
− k−122
ρ2q2
)
+ 2k−112 | ~N |
√
1− ~N2
(
π˜q1
ρq2
− π˜q2
ρq1
)]
1
2
(
k−111
ρ2q1
+
k−122
ρ2q2
)
+
k−112 (2
~N2−1)
ρq1ρq2
. (3.32)
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Let us remark that with this definition we get Hrel 6= H(rot)rel +H(vib)rel , differently from the
static orientation-shape bundle result associated with the C-connection 45. In order to get
the theory with the Jacobi normal coordinates one has to perform our sequence of canonical
transformations after having diagonalized kab.
Let us end this Subsection by recalling that in Ref. [10] the N=3 shape space46 is
parametrized with the following configurational coordinate system (w,w1, w2): w = ρ
2
q1+ρ
2
q2
(
√
w is the hyperradius), w1 = ρ
2
q1 − ρ2q2, w2 = 2~ρq1 · ~ρq2 with the physical region of non-
singular configurations defined by
√
w21 + w
2
2 ≤ w ≤ ∞, −∞ ≤ w1, w2 ≤ ∞. The variable
w may be replaced by w3 = 2|~ρq1 × ~ρq2| ≥ 0 (w3 ≥ 0 is the physical region), because
w2 = w21 +w
2
2 +w
2
3. Thus, another basis for the N=3 shape space is (w1, w2, w3). A further
basis (w, χ, ψ) is obtained by putting w1 = wcos χcos ψ, w1 = wcos χsinψ, w2 = wsinχ,
(χ, ψ hyperspherical angles), The quantities w and a = w21 +w
2
2 = (ρ
2
q1− ρ2q2)2+4(~ρq1 · ~ρq2)2
[w3 =
√
w2 − a] are democratic invariants, and still another basis is (w,w3, α), with α the
angle parametrizing the democracy group SO(2). In our spin basis we have the 3 purely
configurational shape variables ρq1, ρq2 and | ~N | =
√
1+ρˆq1·ρˆq2
2
. We can define a point canon-
ical transformation to w = ρ2q1 + ρ
2
q2, w1 = ρ
2
q1 − ρ2q2, w2 = 2ρq1ρq2(2 ~N2 − 1), and then find
the corresponding momenta.
C. N-Body Systems.
Let us now consider the general case with N ≥ 4 without introducing Jacobi normal
coordinates. Instead of coupling the centers of mass of particle clusters as it is done with
Jacobi coordinates (center-of-mass clusters), the canonical spin bases will be obtained by
coupling the spins of the 2-body subsystems (relative particles) ~ρqa, ~πqa, a = 1, .., N −
1, defined in Eqs.(2.7), in all possible ways (spin clusters from the addition of angular
momenta). Let us stress that we can build a spin basis with a pattern of spin clusters
completely unrelated to a possible pre-existing center-of-mass clustering.
Let us consider the case N = 4 as a prototype of the general construction. We have
now three relative variables ~ρq1, ~ρq2, ~ρq3 and related momenta ~πq1, ~πq2, ~πq3. In the following
formulas we use the convention that the subscripts a, b, c mean any permutation of 1, 2, 3.
By using the explicit construction given in Appendix F, we define the following sequence
of canonical transformations (we assume Sq 6= 0; SqA 6= 0, A = a, b, c) corresponding to the
spin clustering pattern abc 7→ (ab)c 7→ ((ab)c) [build first the spin cluster (ab), then the spin
cluster ((ab)c)]:
~ρqa ~ρqb ~ρqc
~πqa ~πqb ~πqc
−→
45See the interpretation of the term 12 g˜
µν(q)
[
pµ − ~Sq · ~Aµ(q)
][
pν − ~Sq · ~Aν(q)
]
in Eq.(2.34).
46It is defined for normal Jacobi coordinates ~ρqa = ~s
(k)
a , but it can be extended to non-Jacobi
ones.
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−→ αa βa αb βb αc βc ρqa ρqb ρqc
Sqa S
3
qa Sqb S
3
qb Sqc S
3
qc π˜qa π˜qb π˜qc
−→
(ab)c−→ α(ab) β(ab) γ(ab) αc βc |
~N(ab)| ρqa ρqb ρqc
Sq(ab) S
3
q(ab) Sˇ
3
q(ab) =
~Sq(ab) · Nˆ(ab) Sqc S3qc ξ(ab) π˜qa π˜qb π˜qc
−→
−→ α((ab)c) β((ab)c) γ((ab)c) |
~N((ab)c)| γ(ab) | ~N(ab)| ρqa ρqb ρqc
Sq = Sˇq S
3
q Sˇ
3
q = ~Sq · Nˆ((ab)c) ξ((ab)c) ~Sq(ab) · Nˆ(ab) ξ(ab) π˜qa π˜qb π˜qc
→
non can.−→ α˜ β˜ γ˜ |
~N((ab)c)| γ(ab) | ~N(ab)| ρqa ρqb ρqc
Sˇ1q Sˇ
2
q Sˇ
3
q ξ((ab)c) Ω(ab) =
~Sq(ab) · Nˆ(ab) ξ(ab) π˜qa π˜qb π˜qc
.
(3.33)
The first non-point canonical transformation is based on the existence of the three unit
vectors RˆA, A = a, b, c, and of three E(3) realizations with generators ~SqA, RˆA and fixed
values (Rˆ2A = 1,
~SA · RˆA = 0) of the invariants. Use Eqs.(3.15), (3.16) and (3.17).
In the next canonical transformation the spins of the relative particles a and b are coupled
to form the spin cluster (ab), leaving the relative particle c as a spectator. We use Eq.(3.18)
to define ~N(ab) =
1
2
(Rˆa + Rˆb), ~χ(ab) =
1
2
(Rˆa − Rˆb), ~S(ab) = ~Sqa + ~Sqb, ~Wq(ab) = ~Sqa − ~Sqb.
We get ~N(ab) · ~χ(ab) = 0, {N r(ab), N s(ab)} = {N r(ab), χs(ab)} = {χr(ab), χs(ab)} = 0 and a new E(3)
realization generated by ~S(ab) and ~N(ab), with non-fixed invariants | ~N(ab)|, ~S(ab) ·Nˆ(ab) def= Ω(ab).
From Eqs.(3.26) it follows
~ρqa = ρqa
[
| ~N(ab)|Nˆ(ab) +
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqb = ρqb
[
| ~N(ab)|Nˆ(ab) −
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqc = ρqcRˆc. (3.34)
Eq.(3.21) defines α(ab) and β(ab), so that Eq.(3.22) defines a unit vector Rˆ(ab) with ~S(ab)·Rˆ(ab) =
0, {Rˆr(ab), Rˆs(ab)} = 0. This unit vector identifies the spin cluster (ab) in the same way as the
unit vectors RˆA = ~ˆρqA identify the relative particles A.
The next step is the coupling of the spin cluster (ab) with unit vector Rˆ(ab) [described
by the canonical variables α(ab), S(ab), β(ab) S
3
(ab)] with the relative particle c with unit vector
Rˆc and described by αc, Sqc, βc, S
3
qc: this builds the spin cluster ((ab)c).
Again, Eq.(3.18) allows to define ~N((ab)c) =
1
2
(Rˆ(ab) + Rˆc), ~χ((ab)c) =
1
2
(Rˆ(ab) − Rˆc), ~Sq =
~Sq((ab)c) = ~Sq(ab) + ~Sqc, ~Wq((ab)c) = ~Sq(ab) − ~Sqc. Since we have ~N((ab)c) · ~χ((ab)c) = 0 and
{N r((ab)c), N s((ab)c)} = {N r((ab)c), χs((ab)c)} = {χr((ab)c), χs((ab)c)} = 0 due to {Rˆr(ab), Rˆsc} = 0, a new
E(3) realization generated by ~Sq and ~N((ab)c) with non-fixed invariants | ~N((ab)c)|, ~Sq ·Nˆ((ab)c) =
Sˇ3q emerges. Eq.(3.21) defines α((ab)c) and β((ab)c), so that Eq.(3.22) allows to identify a final
unit vector Rˆ((ab)c) with ~Sq · Rˆ((ab)c) = 0 and {Rˆr((ab)c), Rˆs((ab)c)} = 0.
In conclusion, when Sq 6= 0, we find both a spin frame Sˆq, Rˆ((ab)c), Rˆ((ab)c) × Sˆq and a
dynamical body frame χˆ((ab)c), Nˆ((ab)c) × χˆ((ab)c), Nˆ((ab)c), like in the 3-body case. There is an
important difference, however: the orthonormal vectors ~N((ab)c) and ~χ((ab)c) depend on the
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momenta of the relative particles a and b through Rˆ(ab), so that our results do not share any
relation with the N=4 non-trivial SO(3) principal bundle of the orientation-shape bundle
approach.
The final 6 dynamical shape variables are qµ = {| ~N((ab)c)|, γ(ab), | ~N(ab)|, ρqa, ρqb, ρqc}. While
the last four depend only on the original relative coordinates ~ρqA, A = a, b, c, the first two
depend also on the original momenta ~πqA: therefore they are generalized shape variables. By
using Appendix D, we obtain
ρrqA = Rrs(α˜, β˜, γ˜) ρˇsqA(qµ, pµ, Sˇrq ), A = a, b, c. (3.35)
This means that for N=4 the dynamical body frame components ρˇrqA depend also on the
dynamical shape momenta and on the dynamical body frame components of the spin. It is
clear that this result stands completely outside the orientation-shape bundle approach.
As shown in Appendix F, starting from the Hamiltonian Hrel((ab)c) expressed in the final
variables, we can define a rotational Hamiltonian H
(rot)
rel((ab)c) (for q˙
µ = 0, see Eqs.(F18)) and
a vibrational Hamiltonian H
(vib)
rel((ab)c) (vanishing of the physical dynamical angular velocity
ωˇr((ab)c) = 0, see Eqs.(F21)), but Hrel((ab)c) fails to be the sum of these two Hamiltonians
showing once again the non separability of rotations and vibrations. Let us stress that
in the rotational Hamiltonian (F18) we find tan inertia-like tensor depending only on the
dynamical shape variables. A similar result, however, does not hold for the spin-angular
velocity relation (F19) due to the presence of the shape momenta ξ(ab) and ξ((ab)c).
The price to be paid for the existence of 3 global dynamical body frames for N=4 is a
more complicated form of the Hamiltonian kinetic energy. On the other hand, dynamical
vibrations and dynamical angular velocity are measurable quantities in each dynamical body
frame.
For N=5 we can repeat the previous construction either with the sequence of spin clus-
terings abcd 7→ (ab)cd 7→ ((ab)c)d) 7→ (((ab)c)d) or with the sequence abcd 7→ (ab)(cd) 7→
((ab)(cd)) [a, b, c, d any permutation of 1,2,3,4] as said in the Introduction. Each spin cluster
(...) will be identified by the unit vector Rˆ(...), axis of the spin frame of the cluster. All the
final dynamical body frames built with this construction will have their axes depending on
both the original configurations and momenta.
This construction is trivially generalized to any N: we have only to classify all the possible
spin clustering patterns.
Therefore, for N ≥ 4 our sequence of canonical and non-canonical transformations leads
to the following result, to be compared with Eq.(3.28) of the 3-body case
~ρqA
~πqA
non can.−→ α˜ β˜ γ˜ q
µ(~ρqA, ~πqA)
Sˇ1q Sˇ
2
q Sˇ
3
q pµ(~ρqA, ~πqA)
. (3.36)
This state of affairs suggests that for N ≥ 4 and with Sq 6= 0, SqA 6= 0, A = a, b, c,
namely when the standard (3N-3)-dimensional orientation-shape bundle is not trivial, the
original (6N-6)-dimensional relative phase space admits the definition of as many dynamical
body frames as spin canonical bases 47, which are globally defined (apart isolated coordinate
47To each one of them corresponds a different Hamiltonian right SO(3) action on the relative
phase space.
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singularities) for the non-singular N-body configurations with ~Sq 6= 0 (and with nonzero spin
for each spin subcluster).
These dynamical body frames do not correspond to local cross sections of the static non-
trivial orientation-shape SO(3) principal bundle and the spin canonical bases do not coincide
with the canonical bases associated with the static theory. Therefore, we do not find gauge
potentials as well as all the other quantities evaluated in Appendix E for N=3.
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IV. THE CASE OF INTERACTING PARTICLES.
Although we have defined the kinematics for free particles, the introduction of potentials
is straightforward.
In the case N=2, the general form of a 2-body potential is V (~ρ2q , ~ρq · ~πq, ~π2q ) =
V (ρ2q, ρqπ˜q, π˜
2
q +
S2q
ρ2q
).
In the case N=3, suppose there is a potential V (~ηij · ~ηhk) with ~ηij = ~ηi− ~ηj . Then, since
Eqs. (2.8) and (3.26) imply
~ηij =
1√
3
2∑
a=1
(Γai − Γaj)~ρqa = 1√
3
2∑
a=1
(Γai − Γaj)ρqa[ ~N + (−)a+1~χ],
~ηij · ~ηhk = 1
3
1,2∑
a,b
(Γai − Γaj)(Γbh − Γbk)ρqaρqb[ ~N2 + (−)a+b(1− ~N2)] =
=
1
3
2∑
a=1
(Γai − Γaj)(Γah − Γak)(ρqa)2 +
+
1
3
[(Γ1i − Γ1j)(Γ2h − Γ2k) + (Γ2i − Γ2j)(Γ1h − Γ1k)ρq1ρq2(2 ~N2 − 1), (4.1)
it turns out that the potential is a function of ρ2q1, ρ
2
q2, (2
~N2− 1)ρq1ρq2. On the other hand,
if the potential is V (~ηij · ~ηhk, ~κi · ~ηhk), Eqs.(3.26) and (C5) give the momentum dependence
~κi · ~ηhk ≈
1,2∑
a,b
γai(Γbh − Γbk)ρqb
(
π˜qa[ ~N
2 + (−)a+b+1(1− ~N2)] +
+
| ~N |
√
1− ~N2
2ρqa
[(−)a + (−)b+1](Sˇ2q + (−)a+1ξ
√
1− ~N2)
)
. (4.2)
By means of the same equations it is possible to study a dependence upon ~κi · ~κj.
For N ≥ 4, even a potential of the form V (~ηij · ~ηhk)) with ~ηij = ~ηi − ~ηj turns out to be
shape momentum dependent, since we have
V (~ηij · ~ηhk) = V [ 1
N
1,..,N−1∑
a,b
(Γai − Γaj)(Γbh − Γbk)~ρqa · ~ρqb]. (4.3)
In particular, for N=4, due to Eq.(F7), in the pattern ((ab)c) we get V =
V˜((ab)c)[ρqa, ρqb, ρqc, | ~N((ab)c)|, γ(ab), | ~N(ab)|; ξ((ab)c),Ω(ab); Sˇrq ].
For more general potentials V (~ηij · ~ηhk, ~κi · ~ηhk, ~κi · ~κj), like the non-relativistic limit of
the relativistic Darwin potential of Ref. [13], more complicated expressions are obtained.
Finally, let us remark that both in the free and the interacting cases it is easier to
solve the original Hamilton equations, rather than the equations for the orientation-shape
coordinates, and then use the canonical transformation to find the time evolution of the
dynamical body frame and related variables.
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V. CONCLUSIONS.
While it is possible to separate out absolute translations and relative motions in a global
way, a global separation of absolute rotations from the associated notion of vibrations is not
feasible because of the non-Abelian nature of rotations.
This fact gave origin to the orientation-shape SO(3) principal bundle approach described
in Ref. [9]. While the treatment of the non-relativistic ideal rigid body is based on the
notion of body frame 48, this and related concepts like angular velocities turn out to be
non-measurable gauge quantities in this approach.
In this paper we have shown that, by using geometric and group-theoretical methods and
by employing non-point canonical transformations, it is possible to introduce both a spin
frame and a N-dependent discrete number of evolving dynamical body frames for the N-body
problem, with associated dynamical orientation and shape variables. Since all these concepts
are introduced by means of a special class of canonical transformations defining the canonical
spin bases, they, and the related angular velocities, become measurable quantities defined in
terms of the particle relative coordinates and momenta. A notion of dynamical vibrations is
associated to each spin basis. The spin bases are defined by a method based on the coupling
of spins, which does not require the use of Jacobi normal relative coordinates. However, the
Hamiltonian is not the sum of the dynamical rotational and vibrational energies: this shows
once again that rotations and vibrations cannot be separated in a unique global way.
Even if, in differential geometry, Darboux canonical bases have no intrinsic meaning, the
physical requirement of the existence of the extended Galilei group with the spin invariant
S selects a preferred class of canonical coordinates adapted to the rotation subgroup SO(3).
Moreover, various E(3) realizations emerge whose invariants have a physical meaning. The
adaptation to these groups selects the final class of physically preferred Darboux canonical
bases.
Our definition of dynamical body frames is based on the existence of Hamiltonian non-
symmetry right actions of SO(3). We begin assuming that, like for rigid bodies, the body
frame axes in the case N=3 be functions only of the particle relative coordinates.
For N=3, the orientation-shape SO(3) principal bundle is trivial and we recover its
results in a xxzz gauge. Interestingly we have found, however, that already for N=4 the it
dynamical body frame axes depend also on the momenta so that any connection with the
orientation-shape bundle approach is lost.
It is an open problem whether the use of more general body frames for N=3 and N ≥ 4
obtained by using the freedom of making arbitrary configurations dependent rotations (see
footnote 9) may be used to simplify the free Hamiltonian and/or some type of interaction.
It is hoped that our results may be instrumental for nuclear, atomic and molecular
physics, since a description based on spin clustering rather than on the standard Jacobi
center-of-mass clusterings was lacking till now.
Let us observe that the extension of the dynamical body frames to continuous deformable
bodies (see Ref. [30] for an initial study of the relativistic configurations of a Klein-Gordon
48This schematization does not exist in special relativity: the only relativistic concept of rigidity
are Born’s rigid motions [29].
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field from this point of view) is a lacking piece of kinematical information and will be studied
elsewhere.
The fact that we use non-point canonical transformations will make the quantization
more difficult than in the orientation-shape bundle approach, where a separation of rota-
tions from vibrations in the Schroedinger equation is reviewed in Ref. [9]. The quantiza-
tions of the original canonical relative variables and of the canonical spin bases will give
equivalent quantum theories only if the non-point canonical transformations are unitarily
implementable. These problems are completely unexplored.
In a future paper [8] we shall study the relativistic N-body problem, where the defi-
nition and separation of the center-of-mass motion are known to be a complicated issue.
This problem has found a solution within the Wigner-covariant rest-frame instant form of
dynamics [11]. It will be shown that concepts like reduced masses, Jacobi normal relative
coordinates and tensor of inertia do not exist at the relativistic level. Yet, in the framework
of the rest-frame instant form, both the oriantation-shape SO(3) principal bundle approach
and the canonical spin bases can be defined just as in the non-relativistic case.
ACKNOWLEDGMENTS: We are warmly indebted to our friend Michele Vallisneri for
his irreplaceable help in drawing our frames.
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APPENDIX A: THE EQUATIONS OF MOTION IN THE ORIENTATION-SHAPE
BUNDLE APPROACH.
As shown in Ref. [9] we get the following Euler-Lagrange equations:
i) for the orientation degrees of freedom
d
dt
Sˇqr
◦
= Xˇ(R)β(α=r)
∂Lrel
∂θβ
− ǫrsuωˇsSˇqu, (i.e. d
~Sq
dt
◦
=0),
⇓
d~S2q
dt
◦
= 0,
or
DSˇrq
Dt
=
d
dt
Sˇrq −
(
~A(k)µ × ~Sq
)r
q˙µ
◦
=
◦
= − ǫruv[ωˇu + Aˇ(k)uµ q˙µ]Sˇvq ,
⇒ DSˇ
r
q
Dt
◦
= − ǫrsu[Iˇ−1,svSˇvq ]Sˇuq , (A1)
where in the last lines D/Dt stands for the SO(3)-covariant derivative.
For a rigid body one could use Sˇrq = Iˇ
(k)rsωˇs to eliminate either ~Sq or ~ω from these
equations, to obtain an autonomous system of equations (Euler’s equations for a torque-free
rigid body). This cannot be done for deformable bodies, because the relation between body
frame spin and angular velocity involves the shape variables. Therefore, these equations are
coupled to those for the shape variables. The motion of Sˇrq takes place on the surface of the
sphere ~S2q = const. in body frame angular momentum space. In the case of rigid bodies,
this motion usually follows closed orbits, but for deformable bodies the orbits will not close
due to the coupling to the shape variables. The body frame angular momentum sphere is a
two-dimensional surface, but counts for only a single degree of freedom, since it is a phase
space, not a configuration space.
ii) for the shape degrees of freedom 49
g(k)µν
Dq˙ν
Dt
= g(k)µν [q¨
ν + Γ(k)νρσ q˙
ρq˙σ]
◦
=
◦
= ~Sq · ~B(k)µν q˙ν −
1
2
Sˇrq [(Iˇ
(k)−1)rs];µSˇ
s
q ,
Γ(k)µρσ =
1
2
g(k)µν [g(k)νρ,σ + g
(k)
νσ,ρ − g(k)ρσ,ν ], (A2)
where (Iˇ(k)−1);µ = ∂Iˇ
(k)−1
∂qµ
−[ ~A(k)µ , Iˇ(k)−1] is the covariant derivative of the inverse of the inertia
tensor.
While the geodesic equations (A2) are 6N − 6 equations for the 6N − 6 shape variables
qµ, Eqs.(A1) are only one equation for one rotational degree of freedom. Therefore, these
49The Lagrangian is that of free particle in a non-Euclidean manifold with metric g
(k)
µν (q).
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equations are a system of equations for 6N − 5 degrees of freedom. The equations for the
other two orientational degrees of freedom and their velocities are represented by four first-
order differential equations:
a) The restriction of the motion of Sˇrq to the surface of a sphere Sq = const., since
d~S2q
dt
◦
=0;
b) The three equations
d
dt
R(θα)
◦
=R(θα)Ωˇ(θα, θ˙α), (A3)
with Ωˇ =

 0 −ωˇ3 ωˇ2ωˇ3 0 −ωˇ1
−ωˇ2 ωˇ1 0

, which can be regarded as three equations for the three Euler
angles. Their solution requires a time ordering: R(t) = Ro Te
∫ t1
to
Ωˇ(t
′
)dt
′
[see Refs. [9,26]].
The Hamilton equations, whose content is equivalent to the Euler-Lagrange ones, are
[Eqs.(2.33) are used]
θ˙α
◦
= Xˇ(R)α(β=r)
∂Hrel
∂Sˇqr
= Xˇ(R)α(β=r)ωˇ
r =
= Xˇ(R)α(β=r)
(
(Iˇ(k)−1)rsSˇsq − g(k)µνAˇ(k)α=rµ [pν − ~Sq · ~A(k)ν ]
)
,
d
dt
Sˇqr
◦
= − ∂Hrel
∂θα=r
− Sˇqsǫsru∂Hrel
∂Sˇqu
=
= ǫrsuSˇsq [(Iˇ
(k)−1)uvSˇvq − g(k)µνAˇ(k)uµ (pν − ~Sq · ~A(k)ν )],
q˙µ
◦
=
∂Hrel
∂pµ
,
p˙µ
◦
= −∂Hrel
∂qµ
. (A4)
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APPENDIX B: ROTATIONAL KINEMATICS IN GENERAL COORDINATES
In this Appendix we shall reformulate the results of Subsection D of Section II by using
arbitrary non Jacobi relative coordinates ~ρqa. The body frame components of coordinates
and velocities are
ρrqa = R
rs(θα)ρˇsqa(q),
ρ˙rqa
def
= Rrs(θα)vˇsa,
~va = ~ω × ~ρqa + ∂~ρqa
∂qµ
q˙µ, ωr
def
= Rrs(θα)ωˇs,
⇒ ~˙ρqa = ~ω × ~ρqa +
∂~ρqa
∂qµ
q˙µ, (B1)
Let us remark that for the original particle positions ~ηi of Eqs.(2.8) we get the result
~˙ηi = ~˙qnr +
1√
N
∑N−1
a=1 Γai~˙ρqa = ~˙qnr + ~ω × (~ηi − ~qnr) + ∂~ηi∂qµ q˙µ 50.
For the momenta we get
πrqa =
N−1∑
b=1
kabρ˙
r
qb = R
rs(θα)πˇsqa,
πˇrqa = R
T rs(θα)πsqa =
N−1∑
b=1
kabvˇ
r
b =
=
N−1∑
b=1
kab[(~ω × ~ρqb)r +
∂ρˇrqb
∂qµ
q˙µ] =
= (~ω ×
N−1∑
b=1
kab~ρqb(q))
r +
N−1∑
b=1
kab
∂ρˇrqb
∂qµ
q˙µ, (B2)
while for the spin we get
~Sq =
N−1∑
a=1
~ρqa × ~πqa = Srq fˆr = Sˇrq eˆr, Srq = Rrs(θ)Sˇsq ,
Sˇrq =
N−1∑
a=1
ǫruvρˇuqaπˇ
v
qa =
1..N−1∑
ab
kabǫ
ruvρˇuqavˇ
v
b =
=
1..N−1∑
ab
kab
(
~ρqa ×
[
~ω × ~ρqb + ∂~ρqb
∂qµ
q˙µ
])r
. (B3)
By introducing the following body frame inertia tensor [(ab) means symmetrization]
Iˇrs(q,m) =
1..N−1∑
ab
kabIˇ
rs
(ab)(q),
50For q˙µ = 0 we get the rigid body result δ~ηi = ~˙ηiδτ = δ~qnr + ~ω × (~ηi − ~qnr)δτ .
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Iˇuv(ab)(q) = ~ρqa · ~ρqbδuv −
1
2
(
ρˇuqaρˇ
v
qb + ρˇ
v
qaρˇ
u
qb
)
,
Iˇuv(ab)(Iˇ
−1
(ab))
vt = δut for every pair (ab), (B4)
and the following potentials
aˇu(ab)µ(q) =
1
2
[
~ρqa × ∂~ρqb
∂qµ
+ ~ˇρb ×
∂~ˇρa
∂qµ
]
u def= Iˇuv(ab)(q) Aˇ
v
(ab)µ(q),
aˇuµ(q,m) =
1..N−1∑
ab
kab aˇ
u
(ab)µ(q) = Iˇuv(q,m) Aˇvµ(q,m), (B5)
we get the following gauge potentials
Aˇrµ(q,m) = [Iˇ−1(q,m)]rs aˇsµ(q,m),
Aˇu(ab)µ(q) = (Iˇ
−1
(ab)(q))
uv aˇv(ab)µ(q), (B6)
For the body frame spin and angular velocity components we arrive at the same results
as in Subsection D of Section II where Jacobi relative coordinates are used
Sˇrq =
∑
ab
kab
[
~ρqa · ~ρqbωˇr − ~ρqa · ~ωρˇrqb + (~ρqa ×
∂~ρqb
∂qµ
)rq˙µ
]
=
=
1..N−1∑
ab
kabIˇ
rs
(ab)(q)
[
ωˇs + Aˇs(ab)µ(q)q˙
µ
]
=
= Iˇrs(q,m)ωˇs +
1..N−1∑
ab
kabIˇ
rs
(ab)(q)Aˇ
s
(ab)µ(q)q˙
µ =
= Iˇrs(q,m)ωˇs + aˇrµ(q,m)q˙µ = Iˇrs(q,m)[ωˇs + Aˇsµ(q,m)q˙µ], (B7)
ωˇr = [Iˇ−1(q,m)]rsSˇsq − [Iˇ−1(q,m)]rs
( 1..N−1∑
ab
kabaˇ
s
(ab)µ(q)
)
q˙µ =
= [Iˇ−1(q,m)]rsSˇsq − [Iˇ−1(q,m)]rs aˇsµ(q,m)q˙µ =
= [Iˇ−1(q,m)]rsSˇsq − Aˇrµ(q,m)q˙µ, (B8)
For the Lagrangian we get
Lrel(~ρqa, ~˙ρqa) =
1
2
1..N−1∑
ab
kab~˙ρqa · ~˙ρqb =
1
2
1..N−1∑
ab
kab~va · ~vb =
=
1
2
1..N−1∑
ab
kab
[
~ω2~ρqa · ~ρqb − ~ω · ~ρqa~ω · ~ρqb +
+ ~ω ·
(
~ρqa × ∂~ρqb
∂qµ
+ ~ρqb × ∂~ρqa
∂qµ
)
q˙µ +
∂~ρqa
∂qµ
· ∂~ρqb
∂qν
q˙µq˙ν
]
=
=
1
2
1..N−1∑
ab
kab
[
Iˇuv(ab)(q)ωˇ
uωˇv + 2aˇu(ab)µ(q)ωˇ
uq˙µ +
∂~ρqa
∂qµ
· ∂~ρqb
∂qν
q˙µq˙ν
]
=
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=
1
2
[
Iˇuv(q,m)ωˇuωˇv +
1..N−1∑
ab
kab
(
2aˇu(ab)µ(q)ωˇ
uq˙µ +
∂~ρqa
∂qµ
· ∂~ρqb
∂qν
q˙µq˙ν
)]
=
=
1
2
[
Iˇuv(q,m)ωˇuωˇv + 2aˇuµ(q,m)ωˇuq˙µ + hµν(q,m)q˙µq˙ν
]
=
=
1
2
1..N−1∑
ab
kab
[
Iˇuv(ab)(q)(ωˇ
u + Aˇu(ab)µ(q)q˙
µ)(ωˇv + Aˇv(ab)ν(q)q˙
ν) +
+
(∂~ρqa
∂qµ
· ∂~ρqb
∂qν
− Iˇuv(ab)(q)Aˇu(ab)µ(q)Aˇv(ab)ν(q)
)
q˙µq˙ν
]
=
=
1
2
1..N−1∑
ab
kab
[
Iˇuv(ab)(q)(ωˇ
u + Aˇu(ab)µ(q)q˙
µ)(ωˇv + Aˇv(ab)ν(q)q˙
ν) +
+ g(ab)µν(q)q˙
µq˙ν
]
=
=
1
2
[ 1..N−1∑
ab
kabIˇ
uv
(ab)(q)(ωˇ
u + Aˇu(ab)µ(q)q˙
µ)(ωˇv + Aˇv(ab)ν(q)q˙
ν) +
+ gµν(q,m)q˙
µq˙ν
]
=
=
1
2
[
(Iˇ−1(q,m))uvSˇuq Sˇvq + g˜µν(q,m)q˙µq˙ν
]
=
=
1
2
[
Iˇuv(q,m)(ωˇu + Aˇuµ(q,m)q˙µ)(ωˇv + Aˇvν(q,m)q˙ν) +
+ g˜µν(q,m)q˙
µq˙ν
]
def
= Lrel(ωˇ(θ, θ˙), q, q˙), (B9)
where we have introduced the following pseudo-metric and metric on shape space
hµν(q,m) =
1..N−1∑
ab
kab
∂~ρqa(q)
∂qµ
· ∂~ρqb(q)
∂qν
,
gµν(q,m) =
1..N−1∑
ab
kabg(ab)µν(q) = hµν(q,m)−
1..N−1∑
ab
kabIˇ
uv
(ab)(q)Aˇ
u
(ab)µ(q)Aˇ
v
(ab)ν(q),
g(ab)µν(q) =
∂~ρ(qa(q)
∂qµ
· ∂~ρqb)(q)
∂qν
− Iˇuv(ab)(q)Aˇu(ab)µ(q)Aˇv(ab)ν(q),
g˜µν(q,m) = hµν(q,m)− Aˇuµ(q,m)Iˇuv(q,m)Aˇvν(q,m). (B10)
The anholonomic momenta are
Sˇrq =
∂Lrel
∂ωˇr
= Iˇrs(q,m)(ωˇs + Aˇsµ(q,m)q˙µ),
pµ =
∂Lrel
∂q˙µ
= g˜µν(q,m)q˙
ν + ~Sq · ~Aµ(q,m),
ωˇu = [I−1(q,m)]uvSˇvq − (Aˇuµg˜µν [pν − ~Sq · ~Aν ])(q,m),
q˙µ = g˜µν(q,m)[pν − ~Sq · ~Aν(q,m)],
⇓
πˇrqa = ǫ
rus
(
[Iˇ−1(q,m)]uvSˇvq − (Aˇuµg˜µν [pν − ~Sq · ~Aν ])(q,m)
)N−1∑
b=1
kabρˇ
s
qb(q) +
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+
N−1∑
b=1
kab
∂ρˇrqb
∂qµ
q˙µg˜µν(q,m)[pν − ~Sq · ~Aν(q,m)],
(Sˇrq , pµ) = (Sˇ
r
q , pµ)v + (Sˇ
r
q , pµ)Ch,
(Sˇrq , pµ)v = (Sˇ
r
q ,
~Sq · ~Aµ(q,m)), pµ|q˙ν=0 = ~Sq · ~Aµ,
(Sˇrq , pµ)Ch = (0, pµ − ~Sq · ~Aµ(q,m)), pµ|Sˇrq=o = pµ − ~Sq · ~Aµ(q,m). (B11)
The last lines show the phase space decomposition of generic momenta into vertical and
C-horizontal components.
Also the Hamiltonian takes the same form as with Jacobi coordinates
Hrel =
1
2
1..N−1∑
ab
k−1ab ~πqa · ~πqb = ~Sq · ~ω + pµq˙µ − Lrel =
=
1
2
[
Sˇuq (Iˇ−1(q,m))uvSˇvq +
(
g˜µν(pµ − ~Sq · ~Aµ)(pν − ~Sq · ~Aν)
)
(q,m)
]
,
ωˇr
◦
=
∂Hrel
∂Sˇr
,
q˙µ
◦
=
∂Hrel
∂pµ
. (B12)
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APPENDIX C: SOME FORMULAS FOR THE CASE N=3.
In this Appendix we justify Eq.(3.25).
To find the expression of ~πqa ·Nˆ , ~πqa · χˆ, ~πqa ·Nˆ× χˆ let us consider the following quantities
~Sq1 = ~ρq1 × ~πq1 = ρq1[ ~N × ~πq1 + ~χ× ~πq1],
~Sq2 = ~ρq2 × ~πq2 = ρq2[ ~N × ~πq2 − ~χ× ~πq2],
~Sq = ~Sq1 + ~Sq2 = ~N × [ρq1~πq1 + ρq2~πq2] + ~χ× [ρq1~πq1 − ρq2~πq2],
~Wq = ~Sq1 − ~Sq2 = ~N × [ρq1~πq1 − ρq2~πq2] + ~χ× [ρq1~πq1 + ρq2~πq2],
~Sq · ~N = | ~N |Sˇ3q = | ~N ||~χ|[ρq1~πq1 − ρq2~πq2] · Nˆ × χˆ = | ~N ||~χ|b3,
~Sq · ~χ = |~χ|Sˇ1q = −| ~N ||~χ|[ρq1~πq1 + ρq2~πq2] · Nˆ × χˆ = −| ~N ||~χ|a3,
~Sq · ~N × ~χ = | ~N × ~χ|Sˇ2q =
= ~N2|~χ|[ρq1~πq1 + ρq2~πq2] · χˆ− ~χ2| ~N |[ρq1~πq1 − ρq2~πq2] · Nˆ =
= ~N2|~χ|a2 − ~χ2| ~N |b1,
~Wq · ~N = −~Sq · ~χ,
~Wq · ~χ = −~Sq · ~N,
~Wq · ~N × ~χ = ~N2|~χ|[ρq1~πq1 − ρq2~πq2] · χˆ− ~χ2| ~N |[ρq1~πq1 + ρq2~πq2] · Nˆ =
= ~N2|~χ|b2 − ~χ2| ~N |a1,
ρq1π˜q1 = ~ρq1 · ~πq1 = ρq1[~πq1 · ~N + ~πq1 · ~χ],
ρq2π˜q2 = ~ρq2 · ~πq2 = ρq2[~πq2 · ~N − ~πq2 · ~χ],
ρq1π˜q1 + ρq2π˜q2 = ~ρq1 · ~πq1 + ~ρq2 · ~πq2 =
= [ρq1~πq1 + ρq2~πq2] · ~N + [ρq1~πq1 − ρq2~πq2] · ~χ = | ~N |a1 + |~χ|b2,
ρq1π˜q1 − ρq2π˜q2 = ~ρq1 · ~πq1 − ~ρq2 · ~πq2 =
= [ρq1~πq1 − ρq2~πq2] · ~N + [ρq1~πq1 + ρq2~πq2] · ~χ = | ~N |b1 + |~χ|a2, (C1)
where
a1 = [ρq1~πq1 + ρq2~πq2] · Nˆ,
a2 = [ρq1~πq1 + ρq2~πq2] · χˆ,
a3 = [ρq1~πq1 + ρq2~πq2] · Nˆ × χˆ,
b1 = [ρq1~πq1 − ρq2~πq2] · Nˆ ,
b2 = [ρq1~πq1 − ρq2~πq2] · χˆ,
b3 = [ρq1~πq1 − ρq2~πq2] · Nˆ × χˆ. (C2)
Eqs.(C1) imply
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a1 =
√
1 + ρˆq1 · ρˆq2
2
[ρq1π˜q1 + ρq2π˜q2]−
√
1− ρˆq1 · ρˆq2
2
~Wq · Nˆ × χˆ,
a2 =
√
1− ρˆq1 · ρˆq2
2
[ρq1π˜q1 − ρq2π˜q2] +
√
1 + ρˆq1 · ρˆq2
2
~Sq · Nˆ × χˆ,
a3 = −
~Sq · χˆ
| ~N | ,
b1 =
√
1 + ρˆq1 · ρˆq2
2
[ρq1π˜q1 − ρq2π˜q2]−
√
1− ρˆq1 · ρˆq2
2
~Sq · Nˆ × χˆ,
b2 =
√
1− ρˆq1 · ρˆq2
2
[ρq1π˜q1 + ρq2π˜q2] +
√
1 + ρˆq1 · ρˆq2
2
~Wq · Nˆ × χˆ,
b3 =
~Sq · Nˆ
|~χ| , (C3)
so that we get
~πq1 · Nˆ = a1 + b1
2ρq1
= π˜q1
√
1 + ρˆq1 · ρˆq2
2
−
~Sq1 · Nˆ × χˆ
ρq1
√
1− ρˆq1 · ρˆq2
2
,
~πq2 · Nˆ = a1 − b1
2ρq2
= π˜q2
√
1 + ρˆq1 · ρˆq2
2
+
~Sq2 · Nˆ × χˆ
ρq2
√
1− ρˆq1 · ρˆq2
2
,
~πq1 · χˆ = a2 + b2
2ρq1
= π˜q1
√
1− ρˆq1 · ρˆq2
2
+
~Sq1 · Nˆ × χˆ
ρq1
√
1 + ρˆq1 · ρˆq2
2
,
~πq2 · χˆ = a2 − b2
2ρq2
= −π˜q2
√
1− ρˆq1 · ρˆq2
2
+
~Sq2 · Nˆ × χˆ
ρq2
√
1 + ρˆq1 · ρˆq2
2
,
~πq1 · Nˆ × χˆ = a3 + b3
2ρq1
= − 1
2ρq1
~Sq · [ χˆ| ~N | −
Nˆ
|~χ| ],
~πq2 · Nˆ × χˆ = a3 − b3
2ρq2
= − 1
2ρq2
~Sq · [ χˆ| ~N | +
Nˆ
|~χ| ]. (C4)
This completes the study of the decomposition of the momenta ~πqa on the dynamical
body frame.
Since ~Sq · Nˆ = Sˇ3q , ~Sq · χˆ = sinψcos γ = Sˇ1q , ~Sq · Nˆ × χˆ = sinψsin γ = Sˇ2q , ~Wq · Nˆ × χˆ =
ξ
√
1− ~N2, from Eq.(C4) we get ~πqa in terms of the final canonical variables
~πq1 · Nˆ = π˜q1| ~N | −
√
1− ~N2
2ρq1
[
Sˇ2q + ξ
√
1− ~N2
]
,
~πq2 · Nˆ = π˜q2| ~N |+
√
1− ~N2
2ρq2
[
Sˇ2q − ξ
√
1− ~N2
]
,
~πq1 · χˆ = π˜q1
√
1− ~N2 + |
~N |
2ρq1
[
Sˇ2q + ξ
√
1− ~N2
]
,
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~πq2 · χˆ = −π˜q2
√
1− ~N2 + |
~N |
2ρq2
[
Sˇ2q − ξ
√
1− ~N2
]
,
~πq1 · Nˆ × χˆ = 1
2ρq1
[
− Sˇ
1
q
| ~N | +
Sˇ3q√
1− ~N2
]
,
~πq2 · Nˆ × χˆ = − 1
2ρq2
[ Sˇ1q
| ~N | +
Sˇ3q√
1− ~N2
]
. (C5)
For the spin quantities ~Wq, ~Sqa we get
~Wq = [− Sq
| ~N |
√
1− ~N2
sinψcos ψcos γ + ξ
√
1− ~N2sinψsin γ]Sˆq +
+ [
Sq
| ~N |
( cos2 ψ√
1− ~N2
−
√
1− ~N2
)
cos γ − ξ
√
1− ~N2cos ψsin γ]Rˆ−
− [ Sq|
~N |√
1− ~N2
sin γcos ψ + ξ
√
1− ~N2cos γ]Sˆq × Rˆ =
= Wˇ 1q χˆ + Wˇ
2
q Nˆ × χˆ+ Wˇ 3q Nˆ = W rq fˆr =
= ~Wq[| ~N |, ξ;Sq, α;S3q , β; Sˇ3q , γ],
W 1q = −
Sˇ3q
√
(Sq)2 − (Sˇ3q )2
√
(Sq)2 − (S3q )2
| ~N |
√
1− ~N2(Sq)2
cos γcos β +
+
√
(Sq)2 − (Sˇ3q )2
√
(Sq)2 − (S3q )2
(Sq)2
√
1− ~N2sin γcos βξ +
+
[ Sq
| ~N |
( (Sˇ3q )2
(Sq)2
√
1− ~N2
−
√
1− ~N2
)
cos γ −
− Sˇ
3
q
Sq
√
1− ~N2sin γξ
]
(sin αsin β − S
3
q
Sq
cos αcos β)−
−
[ | ~N |Sˇ3q√
1− ~N2
+
√
1− ~N2ξ
]
sin γ(cos αsin β − S
3
q
Sq
sin αcos β),
W 2q = −
Sˇ3q
√
(Sq)2 − (Sˇ3q )2
√
(Sq)2 − (S3q )2
| ~N |
√
1− ~N2(Sq)2
cos γsin β +
+
√
(Sq)2 − (Sˇ3q )2
√
(Sq)2 − (S3q )2
(Sq)2
√
1− ~N2sin γsin βξ −
−
[ Sq
| ~N |
( (Sˇ3q )2
(Sq)2
√
1− ~N2
−
√
1− ~N2
)
cos γ −
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− Sˇ
3
q
Sq
√
1− ~N2sin γξ
]
(sin αcos β +
S3q
Sq
cos αsin β) +
+
[ | ~N |Sˇ3q√
1− ~N2
+
√
1− ~N2ξ
]
sin γ(cos αcos β − S
3
q
Sq
sin αsin β),
W 3q = −
S3q Sˇ
3
q
√
(Sq)2 − (Sˇ3q )2
| ~N |
√
1− ~N2(Sq)2
cos γ +
Sˇ3qS
3
q
(Sq)2
√
1− ~N2sin γξ +
+
√
(Sq)2 − (S3q )2
| ~N |
( (Sˇ3q )2
(Sq)2
√
1− ~N2
−
√
1− ~N2
)
cos γcos α−
−
Sˇ3q
√
(Sq)2 − (S3q )2
(Sq)2
√
1− ~N2cos αsin γξ +
+
[ | ~N |Sˇ3q√(Sq)2 − (S3q )2√
1− ~N2Sq
sin αsin γ +
√
1− ~N2
√
(Sq)2 − (S3q )2
Sq
sin αcos γξ,
Wˇ 1q = −
| ~N |√
1− ~N2
Sˇ3q ,
Wˇ 2q =
√
1− ~N2ξ,
Wˇ 3q = −
√
1− ~N2
| ~N | Sˇ
1
q ,
⇒ ~Sqa = 1
2
(~Sq + (−)a+1 ~Wq)[| ~N |, ξ;Sq, α;S3q , β; Sˇ3q , γ],
Sˇ1qa =
1
2
(Sˇ1q − (−)a+1
| ~N |√
1− ~N2
Sˇ3q ),
Sˇ2qa =
1
2
(Sˇ2q + (−)a+1
√
1− ~N2ξ),
Sˇ3qa =
1
2
(Sˇ3q − (−)a+1
√
1− ~N2
| ~N | Sˇ
1
q ). (C6)
We get also
~π2q1 = π˜
2
q1 +
1
4ρ2q1
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
+
(Sˇ3q )
2
1− ~N2 + 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
~π2q2 = π˜
2
q2 +
1
4ρ2q2
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
+
(Sˇ3q )
2
1− ~N2 − 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
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~πq1 · ~πq2 = (2 ~N2 − 1)π˜q1π˜q2 +
+ | ~N |
√
1− ~N2
[( π˜q1
ρq2
− π˜q2
ρq1
)
Sˇ2q −
( π˜q1
ρq2
+
π˜q2
ρq1
)
ξ
√
1− ~N2
]
+
+
1
4ρq1ρq2
[
(2 ~N2 − 1)(Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 − (Sˇ
3
q )
2
1− ~N2 +
+ (1− ~N2)(2 ~N2 − 1)ξ2
]
, (C7)
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APPENDIX D: EULER ANGLES.
Let us denote by α˜, β˜, γ˜ the Euler angles chosen as orientation variables θα.
Let fˆ1 = iˆ, fˆ2 = jˆ, fˆ3 = kˆ be the unit 3-vectors along the axes of the space frame and
eˆ1 = χˆ, eˆ2 = Nˆ × χˆ, eˆ3 = Nˆ , the unit 3-vectors along the axes of a body frame. Then we
have
~Sq = S
r
q fˆr = R
rs(α˜, β˜, γ˜)Sˇsq fˆr = Sˇ
s
q eˆs,
eˆs = (R
T )sr(α˜, β˜, γ˜)fˆr = Rsr(α˜, β˜, γ˜)fˆr. (D1)
There are two main conventions for the definition of the Euler angles α˜, β˜, γ˜.
A) The y-convention (see Refs. [31] (Appendix B) and [32]):
i) perform a first rotation of an angle α˜ around fˆ3 [fˆ1 7→ eˆ′1 = cos α˜fˆ1 + sin α˜fˆ2, fˆ2 7→ eˆ′2 =
−sin α˜fˆ1 + cos α˜fˆ2, fˆ3 7→ eˆ′3 = fˆ3];
ii) perform a second rotation of an angle β˜ around eˆ
′
2 [eˆ
′
1 7→ eˆ”1 = cos β˜eˆ′1 − sin β˜eˆ′3, eˆ′2 7→
eˆ”2 = eˆ
′
2, eˆ
′
3 7→ eˆ”3 = sin β˜eˆ′1 + cos β˜eˆ′3];
iii) perform a third rotation of an angle γ˜ around eˆ”3 [eˆ
”
1 7→ eˆ1 = cos γ˜eˆ”1+ sin γ˜eˆ”2, eˆ”2 7→ eˆ2 =
−sin γ˜eˆ”1 + cos γ˜eˆ”2]. In this way we get


χˆ
Nˆ × χˆ
Nˆ

 ≡


eˆ1
eˆ2
eˆ3

 = R(α˜, β˜, γ˜)


fˆ1
fˆ2
fˆ3

 ,
Rrs(α˜, β˜, γ˜) = RTrs(α˜, β˜, γ˜) =
=


cos γ˜cos β˜cos α˜− sin γ˜sin α˜ cos γ˜cos β˜sin α˜+ sin γ˜cos α˜ −cos γ˜sin β˜
−(sin γ˜cos β˜cos α˜+ cos γ˜sin α˜ −sin γ˜cos β˜sin α˜ + cos γ˜cos α˜ sin γ˜sin β˜
sin β˜cos α˜ sin β˜sin α˜ cos β˜

 ,
with
tg α˜ =
Nˆ2
Nˆ1
,
cos β˜ = Nˆ3,
tg γ˜ = − χˆ
3
(Nˆ × χˆ)3 . (D2)
Since Nˆ and χˆ are functions of ~ρqa only, see Eq.(3.18), we get {α˜, β˜} = {β˜, γ˜} = {γ˜, α˜} =
0.
B) The x-convention (see Refs. [33], [31] (in the text) and [2]): the Euler angles θ, ϕ and
ψ are: i) θ = β˜; ii) cos ϕ = −sin α˜, sinϕ = cos α˜; iii) cos ψ = sin γ˜, sinψ = −cos γ˜.
We use the y-convention. Following Ref. [2], let us introduce the canonical momenta pα˜,
pβ˜, pγ˜ conjugated to α˜, β˜, γ˜: {α˜, pα˜} = {β˜, pβ˜} = {γ˜, pγ˜} = 1 [note that this Darboux chart
does not exist globally]. Then, the results of Ref. [2] imply
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S1q = −sin α˜pβ˜ +
cos α˜
sin β˜
pγ˜ − cos α˜ctg β˜pα˜,
S2q = cos α˜pβ˜ +
sin α˜
sin β˜
pγ˜ − sin α˜ctg β˜pα˜,
S3q = pα˜,
Sˇ1q = sin γ˜pβ˜ −
cos γ˜
sin β˜
pα˜ + cos γ˜ctg β˜pγ˜,
Sˇ2q = cos γ˜pβ˜ +
sin γ˜
sin β˜
pα˜ − sin γ˜ctg β˜pγ˜,
Sˇ3q = pγ˜,
⇓
pα˜ = S
3
q = −sin β˜cos γ˜Sˇ1q + sin β˜sin γ˜Sˇ2q + cos β˜Sˇ3q ,
pβ˜ = −sin α˜S1q + cos α˜S2q = sin γ˜Sˇ1q − cos γ˜Sˇ2q ,
pγ˜ = Sˇ
3
q = cos α˜sin β˜S
1
q + sin α˜sin β˜S
2
q + cos β˜S
3
q . (D3)
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APPENDIX E: THE GAUGE POTENTIAL IN THE XXZZ GAUGE.
From the Hamilton equations associated with the Hamiltonian (3.31) the shape velocities
are
ρ˙q1
◦
=
∂Hrel
∂π˜q1
=
= 2k−111π˜q1 + 2k−112
[
| ~N |(1− ~N2) Sˇ
2
q
ρq2
+ (2 ~N2 − 1)π˜q2 − | ~N |(1− ~N2) ξ
ρq2
]
,
ρ˙q2
◦
=
∂Hrel
∂π˜q2
=
= 2k−122π˜q2 + 2k
−1
12
[
− | ~N |(1− ~N2) Sˇ
2
q
ρq1
+ (2 ~N2 − 1)π˜q1 − | ~N |(1− ~N2) ξ
ρq1
]
,
˙| ~N | ◦= ∂Hrel
∂ξ
=
= 2(1− ~N2)(k
−1
11
4ρ2q1
+
k−122
4ρ2q2
)ξ + 2
√
1− ~N2(k
−1
11
4ρ2q1
− k
−1
22
4ρ2q2
)Sˇ2q +
+ 2k−112(1− ~N2)
[2 ~N2 − 1
4ρq1ρq2
ξ − | ~N |( π˜q1
ρq2
+
π˜q2
ρq1
)
]
. (E1)
Since we must have
π˜q1|q˙=0 = ~Sq · ~Aq1(q) = Sˇ2q Aˇ2q1(ρq1, ρq2, | ~N |),
π˜q2|q˙=0 = ~Sq · ~Aq2(q) = Sˇ2q Aˇ2q2(ρq1, ρq2, | ~N |),
ξ|q˙=0 = ~Sq · ~Aξ(q) = Sˇ2q Aˇ2ξ(ρq1, ρq2, | ~N |), (E2)
the gauge potential is
Aˇ1q1,q2,ξ(q) = Aˇ3q1,q2,ξ(q) = 0,
Aˇ2ξ(q) =
[ ~N2(1− ~N2)(k−112 )2
k−111 k
−1
22 −(2 ~N2−1)2(k−112 )2
−
√
1− ~N2
4
](
k−111
ρ21
− k−122
ρ22
)
1
4
(
k−111
ρ21
+
k−122
ρ22
)
+
(1− ~N2)(2 ~N2−1)k−112
2ρ1ρ2
− ~N2(k−112 )2
k−111 k
−1
22 −(2 ~N2−1)(k−112 )2
(
k−111
ρ21
+
k−122
ρ22
− 2(2 ~N2−1)k−112
ρ1ρ2
] ,
Aˇ2ρ1(q) = −
| ~N |(1− ~N2)k−112
k−111 k
−1
22 − (2 ~N2 − 1)2(k−112 )2
[k−122
ρ2
+
(2 ~N2 − 1)k−112
ρ1
−
− (k
−1
22
ρ2
− (2
~N2 − 1)k−112
ρ1
)Aˇ2ξ(q)
]
,
Aˇ2ρ2(q) =
| ~N |(1− ~N2)k−112
k−111 k
−1
22 − (2 ~N2 − 1)2(k−112 )2
[k−111
ρ1
+
(2 ~N2 − 1)k−112
ρ2
+
+ (
k−111
ρ1
− (2
~N2 − 1)k−112
ρ2
)Aˇ2ξ(q)
]
.
(E3)
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The term in the Hamiltonian quadratic in the shape momenta allows to find the inverse
metric
g˜µν(q) =


k−111 (2 ~N
2 − 1)k−112 − |
~N |(1− ~N2)k−112
ρ2
(2 ~N2 − 1)k−112 k−122 −
~N |(1− ~N2)k−112
ρ1
− ~N |(1− ~N2)k−112
ρ2
− ~N |(1− ~N2)k−112
ρ1
1− ~N2
4
(
k−111
ρ21
+
k−122
ρ22
)
+
(1− ~N2)(2 ~N2−1)k−112
2ρ1ρ2

 . (E4)
The following equations for the angular velocity
ωˇr
◦
=
∂Hrel
∂Sˇrq
= Iˇ−1 rs(q)Sˇsq − Aˇrµ(q)g˜µν(q)(pν − ~Sq · ~Aν(q)),
ωˇ1 =
2
~N2
(k−111
4ρ2q1
+
k−122
4ρ2q2
+
k−112
2ρq1ρq2
)
Sˇ1q −
− 2
| ~N |
√
1− ~N2
(k−111
4ρ2q1
− k
−1
22
4ρ2q2
)
Sˇ3q = Iˇ−11s(q)Sˇsq ,
ωˇ2 =
2
~N2
(k−111
4ρ2q1
+
k−122
4ρ2q2
+
k−112(2 ~N2 − 1)
4ρq1ρq2
)
Sˇ2q +
+
√
1− ~N2
[
2
(k−111
4ρ2q1
− k
−1
22
4ρ2q2
)
ξ + 2k−112| ~N |
√
1− ~N2
( π˜q1
ρq2
− π˜q2
ρq1
)]
=
= Iˇ−12s(q)Sˇsq − Aˇ2µ(q)g˜µν(q)
(
pν − Sˇ2q Aˇ2ν(q)
)
,
ωˇ3 =
2
1− ~N2
(k−111
4ρ2q1
+
k−122
4ρ2q2
− k
−1
12
2ρq1ρq2
)
Sˇ3q −
− 2
| ~N |
√
1− ~N2
(k−111
4ρ2q1
− k
−1
22
4ρ2q2
)
Sˇ1q = Iˇ−13s(q)Sˇsq ,
ωˇ1| ~ˇSq=0 = ωˇ
3| ~ˇSq=0 = 0,
ωˇ2| ~ˇSq=0 = −Aˇ
2
µ
[
g˜µq1π˜q1 + g˜
µq2π˜q2 + g˜
µξξ
]
,
ωˇr = 0 ⇒
[
Iˇ−1rs(q) + Aˇrµ(q) g˜µν(q) Aˇsν(q)
]
Sˇsq |ωˇt=0 = Aˇrµ(q)g˜µν(q) pν ,
⇓
Sˇrq |ωˇs=0 = F rν(q)pν , (E5)
allow to find the nonzero components of the inverse of the tensor of inertia in this canonical
basis
Iˇ−1,11(q) = 2
~N2
(k−111
4ρ2q1
+
k−122
4ρ2q2
+
k−112
2ρq1ρq2
)
,
Iˇ−1,13(q) = − 2
| ~N |
√
1− ~N2
(k−111
4ρ2q1
− k
−1
22
4ρ2q2
)
,
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Iˇ−1,22(q) = 1
2 ~N2
(k−111
ρ21
+
k−122
ρ22
+
(2 ~N2 − 1)k−112
ρ1ρ2
)
−
− |
~N |(1− ~N2)k−112
ρ1ρ2
[
ρ1Aˇ2ρ1(q)− ρ2Aˇ2ρ2(q)
]
−
√
1− ~N2
2
(k−111
ρ21
− k
−1
22
ρ22
)
Aˇ2ξ(q),
Iˇ−1,33(q) = 2
1− ~N2
(k−111
4ρ2q1
+
k−122
4ρ2q2
− k
−1
12
2ρq1ρq2
)
. (E6)
The other Hamilton equations besides Eqs.(E1) are [we do not give the explicit expression
of the last three of them]
α˙
◦
=
∂Hrel
∂Sq
= Sq
[1
2
(
cos2 γ
~N2
+ sin2 γ)(
k−111
ρ2q1
+
k−122
ρ2q2
) +
+ (
cos2 γ
~N2
+ (2 ~N2 − 1)sin2 γ) k
−1
12
ρq1ρq2
]
+
+
Sq√
(Sq)2 − (Sˇ3q )2
(
sin γ
√
1− ~N2
[ξ
2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
) +
+ 2k−112| ~N |
√
1− ~N2( π˜q1
ρq2
− π˜q2
ρq1
)
]
− cos γ
2| ~N |
√
1− ~N2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
)
)
,
β˙
◦
=
∂Hrel
∂S3q
= 0,
γ˙
◦
=
∂Hrel
∂Sˇ3q
= −Sˇ3q
[1
2
(
cos2 γ
~N2
+ sin2 γ +
1
1− ~N2 )(
k−111
ρ2q1
+
k−122
ρ2q2
) +
+ (
cos2 γ
~N2
+ (2 ~N2 − 1)sin2 γ − 1
1− ~N2 )
k−112
ρq1ρq2
]
−
− 1√
(Sq)2 − (Sˇ3q )2
(
sin γSˇ3q
√
1− ~N2
[ξ
2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
) +
+ 2k−112| ~N |
√
1− ~N2( π˜q1
ρq2
− π˜q2
ρq1
)
]
+
cos γ[(Sq)
2 − 2(Sˇ3q )2]
2| ~N |
√
1− ~N2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
)
)
,
S˙q
◦
= −∂Hrel
∂α
= 0,
S˙3q
◦
= −∂Hrel
∂β
= 0,
d
dt
Sˇ3q
◦
= −∂Hrel
∂γ
= sin γcos γ[(Sq)
2 − (Sˇ3q )2]
[1
2
(
1
~N2
− 1)(k
−1
11
ρ2q1
+
k−122
ρ2q2
) +
+ [
1
~N2
− (2 ~N2 − 1)] k
−1
12
ρq1ρq2
]
−
√
(Sq)2 − (Sˇ3q )2
(
cos γ
√
1− ~N2
[ξ
2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
) +
+ 2k−112| ~N |
√
1− ~N2( π˜q1
ρq2
− π˜q2
ρq1
)
]
+
sin γSˇ3q
2| ~N |
√
1− ~N2
(
k−111
ρ2q1
− k
−1
22
ρ2q2
)
)
,
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π˙q1
◦
= −∂Hrel
∂ρq1
,
π˙q2
◦
= −∂Hrel
∂ρq2
,
ξ˙
◦
= −∂Hrel
∂| ~N | . (E7)
We recover the three non-Abelian constants of motion Sq, β, S
3
q .
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APPENDIX F: 4-BODY CASE
.
Let us give the main steps of the construction of the spin basis in the case N = 4. From
Eqs.(3.34) we have
~ρqa = ρqa
[
| ~N(ab)|Nˆ(ab) +
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqb = ρqb
[
| ~N(ab)|Nˆ(ab) −
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqc = ρqcRˆc. (F1)
The definitions given after Eqs.(3.34) and Appendix D imply
~N
def
= ~N((ab)c) =
1
2
(Rˆ(ab) + Rˆc),
~χ
def
= ~χ((ab)c) =
1
2
(Rˆ(ab) − Rˆc),
~N × ~χ = −1
2
Rˆ(ab) × Rˆc,
⇓
~ρqc = ρqc
[
| ~N |Nˆ −
√
1− ~N2χˆ
]
,
⇒ ρrqc = Rrs(α˜, β˜, γ˜)ρˇsqc(| ~N |, ρqc). (F2)
Let us remember that the dynamical shape variables of Eq.(3.33) are qµ = { | ~N |,γ(ab),
| ~N(ab)|, ρqa, ρqb, ρqc}. Then, from Eqs. (3.21) and (3.24), for the subsystem (ab) we get
Rˆab = ~N + ~χ, ~S(ab) · Rˆ(ab) = 0,
~S(ab)
def
= ~Sqa + ~Sqb =
= S(ab)
(
sinψ(ab)
[
cos γ(ab)χˆ(ab) + sin γ(ab)Nˆ(ab) × χˆ(ab)
]
= cos ψ(ab)Nˆ(ab)
)
,
χˆ(ab) =
1
2
(Rˆa − Rˆb) =
= cos γ(ab)
(
sinψ(ab)Sˆ(ab) − cos ψ(ab)Rˆ(ab)
)
− sin γ(ab)Rˆ(ab) × Sˆ(ab),
Nˆ(ab) = cos ψ(ab)Sˆ(ab) + sinψ(ab)Rˆ(ab),
Nˆ(ab) × χˆ(ab) = sin γ(ab)
(
sinψ(ab)Sˆ(ab) − cos ψ(ab)Rˆ(ab)
)
+ cos γ(ab)Rˆ(ab) × Sˆ(ab),
cos ψ(ab) =
Ω(ab)
S(ab)
, sin ψ(ab) =
√√√√1− (Ω(ab)
S(ab)
)2, Ω(ab) = ~S(ab) · Nˆ(ab).
(F3)
We have moreover
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~Sqc =
1
2
(~Sq − ~Wq((ab)c)),
~Wq((ab)c) · ~N = −~Sq · ~χ, ~Wq((ab)c) · ~χ = −~Sq · ~N,
Wˇ 1q = −
| ~N |Sˇ3q√
1− ~N2
, Wˇ 2q = ξ
√
1− ~N2,
Wˇ 3q = −
√
1− ~N2
| ~N | cos γ
√
(Sq)2 − (Sˇ3q )2,
γ((ab)c) = tg
−1 ~Sq · (Nˆ × χˆ)
~Sq · χˆ
= tg−1
Sˇ2q
Sˇ1q
,
ξ((ab)c) =
~Wq((ab)c) · (Nˆ × χˆ)√
1− ~N2
,
~S(ab) =
1
2
(~Sq + ~Wq((ab)c)) =
= Sˇ1(ab)χˆ+ Sˇ
2
(ab)Nˆ × χˆ + Sˇ3(ab)Nˆ =
=
1
2
(Sˇ1q + Wˇ
1
q((ab)c))χˆ+
1
2
(Sˇ2q + Wˇ
2
q((ab)c))Nˆ × χˆ+
1
2
(Sˇ3q + Wˇ
3
q((ab)c))Nˆ,
~Sq = ~Sqa + ~Sqb + ~Sqc = ~S(ab) + ~Sqc
def
= ~Sq((ab)c) =
= Sˇ1q χˆ+ Sˇ
3
q Nˆ + Sˇ
2
q Nˆ × χˆ,
Sˇ1(ab) =
1
2
(
Sˇ1q −
| ~N |√
1− ~N2
Sˇ3q
)
,
Sˇ2(ab) =
1
2
(
Sˇ2q + ξ((ab)c)
√
1− ~N2
)
,
Sˇ3(ab) =
1
2
(
Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q
)
,
Sˇ1q = cos γ((ab)c)
√
(Sq)2 − (Sˇ3q )2, Sˇ2q = sin γ((ab)c)
√
(Sq)2 − (Sˇ3q )2,
S(ab) =
√
(Sˇ1(ab))
2 + (Sˇ2(ab))
2 + (Sˇ3(ab))
2 =
=
1
2
√√√√√(Sˇ2q + ξ((ab)c)
√
1− ~N2)2 + ( Sˇ
1
q
| ~N | −
Sˇ3q√
1− ~N2
)2,
Sˆ(ab) =
1
2S(ab)
[
(Sˇ2q + ξ((ab)c)
√
1− ~N2)Nˆ × χˆ+ (Sˇ1q −
| ~N |√
1− ~N2
Sˇ3q )χˆ+
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+ (Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q )Nˆ
]
,
Rˆ(ab) = | ~N |Nˆ +
√
1− ~N2χˆ,
Rˆ(ab) × Sˆ(ab) = 1
2S(ab)
[
(Sˇ2q + ξ((ab)c)
√
1− ~N2)(
√
1− ~N2Nˆ − | ~N |χˆ) +
+
(
| ~N |(Sˇ1q −
| ~N |√
1− ~N2
Sˇ3q )−
√
1− ~N2(Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q )
)
Nˆ × χˆ
]
. (F4)
The final result is [Sˇ1q =
1
Sq
√
(Sq)2 − (S3q )2cos β((ab)c), Sˇ2q = 1Sq
√
(Sq)2 − (S3q )2sin β((ab)c)]
Nˆ(ab) = cos ψ(ab)Sˆ(ab) + sinψ(ab)Rˆ(ab) =
=
[Ω(ab)(Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q )
2(S(ab))2
+ | ~N |
√√√√1− (Ω(ab)
S(ab)
)2
]
Nˆ +
+
[Ω(ab)(Sˇ1q − | ~N |√
1− ~N2
Sˇ3q )
2(S(ab))2
+
√
1− ~N2
√√√√1− (Ω(ab)
S(ab)
)2
]
χˆ +
+
Ω(ab)(Sˇ
2
q + ξ((ab)c)
√
1− ~N2)
2(S(ab))2
Nˆ × χˆ,
χˆ(ab) = cos γ(ab)
(
sinψ(ab)Sˆ(ab) − cos ψ(ab)Rˆ(ab)
)
− sin γ(ab)Rˆ(ab) × Sˆ(ab) =
=
(
cos γ(ab)
[√√√√1− (Ω(ab)
S(ab)
)2
(Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q )
2S(ab)
− | ~N |Ω(ab)
S(ab)
]
−
−
√
1− ~N2sin γ(ab)
2S(ab)
(Sˇ2q + ξ((ab)c)
√
1− ~N2)
)
Nˆ +
+
(
cos γ(ab)
[√√√√1− (Ω(ab)
S(ab)
)2
(Sˇ1q − |
~N |√
1− ~N2
Sˇ3q )
2S(ab)
−
√
1− ~N2Ω(ab)
S(ab)
]
+
+
| ~N |sin γ(ab)
2S(ab)
(Sˇ2q + ξ((ab)c)
√
1− ~N2)
)
χˆ+
+
(
cos γ(ab)
√√√√1− (Ω(ab)
S(ab)
)2
(Sˇ2q + ξ((ab)c)
√
1− ~N2)
2S(ab)
−
− sin γ(ab)
2S(ab)
[
| ~N |(Sˇ1q −
| ~N |√
1− ~N2
Sˇ3q )−
√
1− ~N2(Sˇ3q −
√
1− ~N2
| ~N | Sˇ
1
q )
])
Nˆ × χˆ. (F5)
Then, Eqs.(F1) and (F2) imply
ρrqa = Rrs(α˜, β˜, γ˜)ρˇsqa[| ~N |, γ(ab), | ~N(ab)|, ρqa; ξ,Ω(ab); Sˇrq ],
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ρrqb = Rrs(α˜, β˜, γ˜)ρˇsqb[| ~N |, γ(ab), | ~N(ab)|, ρqb; ξ,Ω(ab); Sˇrq ],
ρrqc = Rrs(α˜, β˜, γ˜)ρˇsqc[| ~N |, ρqc]. (F6)
This means that ρˇrqa or b depend not only on the dynamical shape variables q
µ = {| ~N | =
| ~N((ab)c)|, γ(ab), | ~N(ab)|, ρqa, ρqb, ρqc} but also on some of the conjugate shape momenta pµ =
{ξ((ab)c),Ω(ab) = ~Sq(ab) · Nˆ(ab), ξ(ab), π˜qa, π˜qb, π˜qc} and the dynamical body frame components
Sˇrq of the spin.
Therefore, a potential V (~ηij · ~ηhk) = V ′(~ρqA · ~ρqB) = V˜ (ρ2qa, ρ2qb, ρ2qc, ~ρqa · ~ρqb = (2 ~N2 −
1)ρqaρqb, ~ρqa · ~ρqc, ~ρqb · ~ρqc) becomes momentum dependent. As a matter of fact the last two
scalar products become
~ρqa · ~ρqc = ρqaρqc
[
| ~N(ab)|
( Ω(ab)
(S(ab))2
(| ~N |Sˇ3q −
√
1− ~N2Sˇ1q )−
√√√√1− (Ω(ab)
S(ab)
)2
)
+
+
√
1− ~N2(ab)
(Ω(ab)
S(ab)
+ cos γ(ab)
√√√√1− (Ω(ab)
S(ab)
)2
(| ~N |Sˇ3q −
√
1− ~N2Sˇ1q )
S(ab)
)]
,
~ρqb · ~ρqc = ρqbρqc
[
| ~N(ab)|
( Ω(ab)
(S(ab))2
(| ~N |Sˇ3q −
√
1− ~N2Sˇ1q )−
√√√√1− (Ω(ab)
S(ab)
)2
)
−
−
√
1− ~N2(ab)
(Ω(ab)
S(ab)
+ cos γ(ab)
√√√√1− (Ω(ab)
S(ab)
)2
(| ~N |Sˇ3q −
√
1− ~N2Sˇ1q )
S(ab)
)]
. (F7)
This spin basis could be useful when the effective potential has a negligible dependence
on these two scalar products since ever the main bonds (for instance chemical bonds in
molecular dynamics) do not involve them.
By using Eq.(C5), for the canonical momenta we get [| ~N | = | ~N((ab)c)|, S(ab) given by
Eq.(F4)]
~πqa =
[
π˜qa| ~N(ab)| −
√
1− ~N2(ab)
2ρqa
(
√
(S(ab))2 − (Ω(ab))2sin γ(ab) + ξ(ab)
√
1− ~N2(ab))
]
Nˆ(ab) +
+
[
π˜qa
√
1− ~N2(ab) +
| ~N(ab)|
2ρqa
(
√
(S(ab))2 − (Ω(ab))2sin γ(ab) + ξ(ab)
√
1− ~N2(ab))
]
χˆ(ab) −
− 1
2ρqa
(
√
(S(ab))2 − (Ω(ab))2 cos γ(ab)| ~N(ab)|
− Ω(ab)√
1− ~N2(ab)
)Nˆ(ab) × χˆ(ab),
~πqb =
[
π˜qb| ~N(ab)|+
√
1− ~N2(ab)
2ρqb
(
√
(S(ab))2 − (Ω(ab))2sin γ(ab) − ξ(ab)
√
1− ~N2(ab))
]
Nˆ(ab) −
−
[
π˜qb
√
1− ~N2(ab) −
| ~N(ab)|
2ρqb
(
√
(S(ab))2 − (Ω(ab))2sin γ(ab) − ξ(ab)
√
1− ~N2(ab))
]
χˆ(ab) −
− 1
2ρqb
(
√
(S(ab))2 − (Ω(ab))2 cos γ(ab)| ~N(ab)|
+
Ω(ab)√
1− ~N2(ab)
)Nˆ(ab) × χˆ(ab),
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~πqc =
[
π˜qc| ~N |+
√
1− ~N2
2ρqc
(Sˇ2q − ξ((ab)c)
√
1− ~N2)
]
Nˆ −
−
[
π˜qc
√
1− ~N2 − |
~N |
2ρqc
(Sˇ2q − ξ((ab)c)
√
1− ~N2)
]
χˆ−
− 1
2ρqc
(
Sˇ1q
| ~N | +
Sˇ3q√
1− ~N2
)Nˆ × χˆ,
~π2qa = π˜
2
qa +
1
4ρ2qa
[
ξ2(ab)(1− ~N2(ab)) +
+
(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)(
(S(ab))
2 − (Ω(ab))2
)
+
(Ω(ab))
2
1− ~N2(ab)
+
+ 2
√
(S(ab))2 − (Ω(ab))2(ξ(ab)
√
1− ~N2(ab)sin γ(ab) −
Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
)
]
,
~π2qb = π˜
2
qb +
1
4ρ2qb
[
ξ2(ab)(1− ~N2(ab)) +
+
(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)(
(S(ab))
2 − (Ω(ab))2
)
+
(Ω(ab))
2
1− ~N2(ab)
−
− 2
√
(S(ab))2 − (Ω(ab))2(ξ(ab)
√
1− ~N2(ab)sin γ(ab) −
Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
)
]
,
~π2qc = π˜
2
qc +
1
4ρ2qc
[
ξ2((ab)c)(1− ~N2) + (Sˇ2q )2 +
(Sˇ1q )
2
~N2
+
(Sˇ3q )
2
1− ~N2 −
− 2(ξ((ab)c)
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
. (F8)
To evaluate ~πqc one defines an auxiliary variable ~π(ab) such that ~S(ab) = Rˆ(ab) × ~π(ab) [its
component along Rˆ(ab) is arbitrary; remember that Rˆ(ab) · ~S(ab) = 0]. Then we use the
equations ~Sq = ~S(ab) + ~Sqc and ~Wq = ~S(ab) − ~Sqc (with ~Sqc = ~ρqc × ~πqc) to extract the form
of ~πqc like in the 3-body case [Eq.(C5)].
Considering a set of Jacobi coordinates ~ρqA, A = 1, 2, 3, with reduced masses µA we get
the following expression for the Hamiltonian to be compared with Eq.(2.34) [| ~N | = | ~N((ab)c)|]
Hrel((ab)c) =
~π2qa
2µa
+
~π2qb
2µb
+
~π2qc
2µc
=
π˜2qa
2µa
+
π˜2qb
2µb
+
π˜2qc
2µc
+
+
( 1
8µaρ2qa
+
1
8µbρ2qb
)[
ξ2(ab)(1− ~N2(ab)) +
+ R (sin2 γ(ab) + cos
2 γ(ab)
~N2(ab)
) +
(Ω(ab))
2
1− ~N2(ab)
]
+
+
( 1
8µaρ2qa
− 1
8µbρ2qb
)[
ξ(ab)sin γ(ab)
√
1− ~N2(ab) −
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− Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
]√
R+
+
1
8µcρ2qc
[
ξ2((ab)c)(1− ~N2) +
(Sˇ1q )
2
~N2
+ (Sˇ2q )
2 +
(Sˇ3q )
2
1− ~N2 −
− 2
(
ξ((ab)c)
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)]
,
R = R(| ~N |, ξ((ab)c),Ω(ab); Sˇrq ) = (S(ab))2 − (Ω(ab))2 =
=
1
4
[
(Sˇ2q + ξ((ab)c)
√
1− ~N2)2 +
+ (
Sˇ1q
| ~N | −
Sˇ3q√
1− ~N2
)2
]
− (Ω(ab))2. (F9)
Due to the presence of the function R, this Hamiltonian is different from that of the
static orientation-shape bundle approach given in Eq.(2.34) with N = 4: note that it is not
a polynomial of second order in the dynamical body frame components of the spin. Yet, the
rotational part of the Hamiltonian, determined by putting the dynamical shape velocities
equal to zero (q˙µ = 0), can be shown to have the standard form of the rigid body case, with
a non-standard dynamical inertia-like tensor depending only on the shape variables.
To show this result, let us consider the Hamilton equations for the velocities
ρ˙qa
◦
=
∂Hrel((ab)c)
∂π˜qa
=
π˜qa
µa
,
ρ˙qb
◦
=
∂Hrel((ab)c)
∂π˜qb
=
π˜qb
µb
,
ρ˙qc
◦
=
∂Hrel((ab)c)
∂π˜qc
=
π˜qc
µc
,
d
dt
| ~N((ab)c)| ◦= ∂Hrel((ab)c)
∂ξ((ab)c)
=
=
1
2
√
1− ~N2
[
(Sˇ2q + ξ((ab)c)
√
1− ~N2)×
(1
8
(
1
µaρ2qa
+
1
µbρ2qb
)(sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
) +
+
1
16
(
1
µaρ2qa
− 1
µbρ2qb
)(ξ(ab)
√
1− ~N2(ab)sin γ(ab) −
Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
) 1√R −
− 1
2µcρ2qc
(Sˇ2q − ξ((ab)c)
√
1− ~N2)
]
,
γ˙(ab)
◦
=
∂Hrel((ab)c)
∂Ω(ab)
=
=
1
4
(
1
µaρ2qa
+
1
µbρ2qb
)Ω(ab)
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[ 1
1− ~N2(ab)
− (sin2 γ(ab) + cos
2 γ(ab)
~N2(ab)
)
]
−
− 1
8
(
1
µaρ2qa
− 1
µbρ2qb
)
cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
[√
R+ (Ω(ab))
2
√R
]
,
d
dt
| ~N(ab)| ◦= ∂Hrel((ab)c)
∂ξ(ab)
=
=
1
4
(
1
µaρ2qa
+
1
µbρ
2
qb
)ξ(ab)(1− ~N2(ab)) +
+
1
8
(
1
µaρ2qa
− 1
µbρ2qb
)sin γ(ab)
√
1− ~N2(ab)
√
R. (F10)
If we put all the shape velocities equal to zero we get
i) ρ˙qA = 0, A = a, b, c,
⇓
π˜qA|q˙=0 = 0, A = a, b, c, (F11)
ii)
d
dt
| ~N(ab)| = 0,
⇓√
R|q˙=0 =
(1
4
[
(Sˇ2q + ξ((ab)c)|q˙=0
√
1− ~N2)2 +
+ (
Sˇ1q
| ~N | −
Sˇ3q√
1− ~N2
)2
]
− (Ω(ab)|q˙=0)2
)1/2
=
= −2
1
µaρ2qa
+ 1
µbρ
2
qb
1
µaρ2qa
− 1
µbρ
2
qb
√
1− ~N2(ab)
sin γ(ab)
ξ(ab)|q˙=0, (F12)
iii) γ˙(ab) = 0,
⇓
1
16
( 1
µaρ2qa
+
1
µbρ2qb
)
ξ(ab)|q˙=0
[( 1µaρ2qa + 1µbρ2qb
1
µaρ2qa
− 1
µbρ
2
qb
)2 sin γ(ab)cos γ(ab)
| ~N(ab)|(1− ~N2(ab))
(Ω(ab)|q˙=0
ξ(ab)|q˙=0
)2
+
+ 4
(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
− 1
1− ~N2(ab)
)Ω(ab)|q˙=0
ξ(ab)|q˙=0 −
4cos γ(ab)
| ~N(ab)|sin γ(ab)
]
= 0,
⇓
Ω(ab)|q˙=0 = X±(q) ξ(ab)|q˙=0, for ξ(ab)|q˙=0 6= 0,
X±(q) =
[( 1µaρ2qa − 1µbρ2qb
1
µaρ2qa
+ 1
µbρ
2
qb
)2 sin γ(ab)cos γ(ab)
| ~N(ab)|(1− ~N2(ab))
]−1
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[
− 2
(
sin2 γ(ab) +
cos2 γ(ab)
| ~N(ab)|
− 1
1− ~N2(ab)
)
±
± 2
(
[sin2 γ(ab) +
cos2 γ(ab)
| ~N(ab)|
− 1
1− ~N2(ab)
]2 −
( 1µaρ2qa − 1µbρ2qb
1
µaρ2qa
+ 1
µbρ
2
qb
)2 cos2 γ(ab)
| ~N(ab)|(1− ~N2(ab))
)1/2]
,
(F13)
and then
iv)
d
dt
| ~N | = 0,
⇓
1
8
( 1
µaρ2qa
+
1
µbρ2qb
)(
Sˇ2q + ξ((ab)c)|q˙=0
√
1− ~N2
)[
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
+
+
1
4
( 1µaρ2qa − 1µbρ2qb
1
µaρ2qa
+ 1
µbρ
2
qb
)2
sin γ(ab)
( cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
Ω(ab)|q˙=0
ξ(ab)|q˙=0 − sin γ(ab)
)]
−
− 1
2µcρ2qc
(
Sˇ2q − ξ((ab)c)|q˙=0
√
1− ~N2
)
= 0. (F14)
Therefore we get
ξ((ab)c)|q˙=0 = gξ(q) Sˇ2q ,
gξ(q) = − 1√
1− ~N2
(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
− 1
4
( 1µaρ2qa − 1µbρ2qb
1
µaρ2qa
+ 1
µbρ
2
qb
)2
sin γ(ab)
[
sin γ(ab) −
− cos γ(ab)X±(q)
| ~N(ab)|
√
1− ~N2(ab)
]
− 4
1
µcρ2qc
1
µaρ2qa
+ 1
µbρ
2
qb
)
×
(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
− 1
4
( 1µaρ2qa − 1µbρ2qb
1
µaρ2qa
+ 1
µbρ
2
qb
)2
sin γ(ab)
[
sin γ(ab) −
− cos γ(ab)X±(q)
| ~N(ab)|
√
1− ~N2(ab)
]
+ 4
1
µcρ2qc
1
µaρ2qa
+ 1
µbρ
2
qb
)−1
. (F15)
Then, from ii) and iii) we get for ξ(ab)|q˙=0 6= 0
ξ(ab)|q˙=0 = ±1
2
(
[(1 + gξ(q))
√
1− ~N2](Sˇ2q )2 + (
Sˇ1q
| ~N | −
Sˇ3q√
1− ~N2
)2
)1/2 ×
(
X2±(q) + 4
( 1µaρ2qa + 1µbρ2qb
1
µaρ2qa
− 1
µbρ
2
qb
√
1− ~N2(ab)
sin γ(ab)
)2)−1/2
,
Ω(ab)|q˙=0 = X±(q)ξ(ab)|q˙=0. (F16)
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The non vanishing shape momenta p(o)µ = pµ|q˙=0 do not have the form ~ˇSq · Aˇµ(q) of the
static orientation-shape bundle approach. A discussion of the various solutions will be done
elsewhere. Here we are mainly interested in determining the form of the rotational kinetic
energy. From Eq.(F16) we get
(ξ(ab)|q˙=0)2 def= Irsξ(ab)(q) Sˇrq Sˇsq ,
(Ω(ab)|q˙=0)2 def= IrsΩ(ab)(q) Sˇrq Sˇsq , IrsΩ(ab)(q) = X2±(q)Irsξ(ab)(q),
R|q˙=0 def= IrsR (q)Sˇrq Sˇsq ,
IrsR (q) = 4
( 1µaρ2qa + 1µbρ2qb
1
µaρ2qa
− 1
µbρ
2
qb
√
1− ~N2(ab)
sin γ(ab)
)2Irsξ(ab)(q),
√
R|q˙=0 = −2
1
µaρ2qa
+ 1
µbρ
2
qb
1
µaρ2qa
− 1
µbρ
2
qb
√
1− ~N2(ab)
sin γ(ab)
ξ(ab)|q˙=0,
1
8µcρ2qc
[
ξ2((ab)c)|q˙=0 (1− ~N2) +
(Sˇ1q )
2
~N2
+ (Sˇ2q )
2 +
(Sˇ3q )
2
1− ~N2 −
−2
(
ξ(ab)c)|q˙=0
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)]
def
= Irsc (q)Sˇrq Sˇsq . (F17)
Therefore, from Eq.(F9) we obtain
H
(rot)
rel = Hrel|q˙=0 = Irs(q)Sˇrq Sˇsq ,
Irs(q) = Irs(ab)(q) + Irsc (q),
Irs(ab)(q) =
1
8
( 1
µaρ2qa
+
1
µbρ2qb
)[
(sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)IrsR (q) +
+
( 1
1− ~N2(ab)
+
2cos γ(ab)X±(q)
| ~N(ab)|sin γ(ab)
)
IrsΩ(ab)(q)− (1− ~N2(ab))Irsξ(ab)(q)
]
, (F18)
where Irs(q) is an inertia-like tensor depending only on the dynamical shape variables and
Irsc (q) is defined in the last line of Eq.(F17).
On the other hand, the dynamical angular velocity evaluated in the dynamical body
frame is
ωˇr((ab)c) =
∂Hrel((ab)c)
∂Sˇqr
,
ωˇ1((ab)c) =
1
16| ~N |
[( 1
µaρ2qa
+
1
µbρ2qb
)(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)
+
+
( 1
µaρ2qa
− 1
µbρ2qb
)ξ(ab)sin γ(ab)
√
1− ~N2(ab) − Ω(ab)cos γ(ab)| ~N(ab)|
√
1− ~N2
(ab)
2
√R
]( Sˇ1q
| ~N | −
Sˇ3q√
1− ~N2
)
+
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+
1
4µcρ2qc| ~N |
(
(
Sˇ1q
| ~N | +
Sˇ3q√
1− ~N2
)
)
,
ωˇ2((ab)c) =
1
8| ~N |
[( 1
µaρ2qa
+
1
µbρ2qb
)(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)
+
+
( 1
µaρ2qa
− 1
µbρ
2
qb
)ξ(ab)sin γ(ab)
√
1− ~N2(ab) −
Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2
(ab)
2
√R
]
×
(
Sˇ2q + ξ((ab)c)
√
1− ~N2
)
+
1
4µcρ2qc
(
Sˇ2q − ξ((ab)c)
√
1− ~N2
)
,
ωˇ3((ab)c) = −
1
16
√
1− ~N2
[( 1
µaρ2qa
+
1
µbρ2qb
)(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)
+
+
( 1
µaρ2qa
− 1
µbρ
2
qb
)ξ(ab)sin γ(ab)
√
1− ~N2(ab) −
Ω(ab)cos γ(ab)
| ~N(ab)|
√
1− ~N2
(ab)
2
√R
]( Sˇ1q
| ~N | −
Sˇ3q√
1− ~N2
)
+
+
1
4µcρ2qc
√
1− ~N2
(
(
Sˇ1q
| ~N | +
Sˇ3q√
1− ~N2
)
)
. (F19)
We see therefore that for N ≥ 4 in the spin bases the spin- angular velocity relation is
different from the result (2.33) of the static orientation-shape bundle approach.
If we define the dynamical vibrations as those corresponding to the vanishing of the
measurable angular velocity (there is no need of connections like in the static orientation-
shape bundle approach), we get
Sˇ1q |ωˇs=0 = Sˇ3q |ωˇs=0 = 0,
Sˇ2q |ωˇs=0 = f1(q)ξ(ab)c) + f2(q)ξ(ab) + f3(q)Ω(ab) def= fµ(q)pµ, (F20)
so that the vibrational Hamiltonian is
H
(vib)
rel((ab)c) = Hrel((ab)c)|ωˇr=0 =
a,b,c∑
A
π˜2qA
2µA
+
1
8
( 1
µaρ2qa
+
1
µbρ
2
qb
)[
ξ2(ab)(1− ~N2(ab)) +
+
1
4
(
fµ(q)pµ + ξ((ab)c)
√
1− ~N2
)2(
sin2 γ(ab) +
cos2 γ(ab)
~N2(ab)
)
+
(Ω(ab))
2
1− ~N2(ab)
]
+
+
1
16
( 1
µaρ2qa
− 1
µbρ2qb
)[
ξ(ab)sin γ(ab)
√
1− ~N2(ab) − Ω(ab)
cos γ(ab)
| ~N(ab)|
√
1− ~N2(ab)
]
(
fµ(q)pµ + ξ((ab)c)
√
1− ~N2
)
+
+
1
8µcρ2qc
(
fµ(q)pµ − ξ((ab)c)
√
1− ~N2
)2
. (F21)
Let us stress that the Hamiltonian is not the sum of the rotational and vibrational parts:
Hrel((ab)c) 6= H(rot)rel((ab)c) +H(vib)rel((ab)c).
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By calling θα the Euler angles α˜, β˜, γ˜, the other Hamilton equations become [Xˇ(R)α(β)
is the inverse of Λˇ(R)(α)β after Eq.(2.30); see Appendix A for the comparison with the static
orientation-shape bundle approach]
θ˙α
◦
= Xˇ(R)α(β=r)
∂Hrel((ab)c)
∂Sˇqr
= Xˇ(R)α(β=r)ωˇ
r
((ab)c),
d
dt
Sˇrq
◦
= −∂Hrel((ab)c)
∂θα=r
− ǫsruSˇqs∂Hrel((ab)c)
∂Sˇqu
=
= ǫrsuSˇqsωˇ
u
((ab)c),
d
dt
π˜qA
◦
= −∂Hrel((ab)c)
∂ρqA
, A = a, b, c,
d
dt
ξ((ab)c)
◦
= −∂Hrel((ab)c)
∂| ~N | ,
d
dt
ξ(ab)
◦
= −∂Hrel((ab)c)
∂| ~N(ab)|
,
d
dt
Ω(ab)
◦
= −∂Hrel((ab)c)
∂γ(ab)
. (F22)
For N=4 Ref. [10] gives the static shape coordinate basis w = ρ2q1 + ρ
2
q2 + ρ
2
q3 (
√
w is
the hyperradius), w1 =
√
3
2
(ρ2q1 − ρ2q2), w2 =
√
3~ρq1 · ~ρq2, w3 =
√
3~ρq2 · ~ρq3, w4 =
√
3~ρq3 · ~ρq1,
w5 =
1
2
[−ρ2q1−ρ2q2+2ρ2q3]; V = ~ρq1 · (~ρq2×~ρq3) must be added to solve the problems of shapes
connected by parity. By using Eqs.(F6) these variables can be reexpressed in our spin basis,
in which they depend on the dynamical shape variables, on the dynamical shape momenta
and also on the dynamical body frame components of the spin. Therefore, to recover locally
the above N = 4 canonical basis of the static orientation-shape bundle approach, a non-point
canonical transformation on all the variables is needed.
Note that there is in addition w6 =
√
3
√
|~ρq1 × ~ρq2|2 + |~ρq2 × ~ρq3|2 + |~ρq3 × ~ρq1|2 ≥ 0,
with w2 =
∑6
i=1w
2
i . There are 3 democratic invariants w, a =
∑5
i=1w
2
i , and b [see (4.25)
of the paper]. Due to the absence of the degeneracy submanifolds of planar configurations,
collinear configurations and 4-body scattering point, the physical region has a complicated
definition based on 3 eigenvales λ1 ≥ λ2 ≥ λ3 ≥ 0 and is topologically B = R × (S5 − P ),
with P ≈ RP 2 being the 2-dimensional projective plane.
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